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ABSTRACT

We first consider questions on the distribution of the primes. Using the recent ad-
vancement towards the Prime k-tuple Conjecture by Maynard and Tao, we show how to
produce infinitely many strings of consecutive primes satisfying specified congruence condi-
tions. We answer an old question of Erdos and Turan by producing strings of consecutive
primes whose successive gaps form an increasing (respectively decreasing) sequence. We also
show that such strings exist whose successive gaps follow a certain divisibility pattern. Fi-
nally, for any coprime integers a and D > 1, we refine a theorem of D. Shiu and find strings
of consecutive primes of arbitrary length in the congruence class @ mod D. These results
were proved jointly with William D. Banks and Tristan Freiberg.

We next consider the vertical distribution of the nontrivial zeros of certain Dedekind
zeta-functions. In particular, let K be a quadratic number field, and let (x(s) denote the
Dedekind zeta-function attached to K. Using the mixed second moments of derivatives of
(k(s) on the critical line, we prove the existence of gaps between consecutive zeros of (k(s)
on the critical line which are at least /6 = 2.44949 . .. times the average spacing.

Finally, assuming the Generalized Riemann Hypothesis and some standard conjec-
tures, we prove upper bounds for moments of arbitrary products of automorphic L-functions
and for Dedekind zeta-functions of Galois number fields on the critical line. As an appli-
cation, we use these bounds to estimate the variance of the coefficients of these zeta- and
L-functions in short intervals. We also prove upper bounds for moments of products of
central values of automorphic L-functions twisted by quadratic Dirichlet characters and av-

eraged over fundamental discriminants. These results were proved jointly with Micah B.

Milinovich.

i



DEDICATION

To Tan, for his adoration, friendship, and support.

il



ACKNOWLEDGEMENTS

I would first like to express gratitude to my adviser, Dr. Micah Milinovich, for his
encouragement, guidance, and patience over the past five years. I am grateful for his will-
ingness to take me as a student so early in his career and for challenging me to always keep
improving and learning. Thank you for helping me become a stronger researcher, writer,
and teacher.

I appreciate Drs. Emanuele Berti, Nathan Jones, Iwo Labuda, and Erwin Mina-Diaz
for serving on my dissertation committee. I thank Dr. Gerard Buskes, Dr. Don Cole, and the
GAANN committee for providing me with financial support throughout my studies at the
University of Mississippi. I also thank Mr. Marlow Dorrough for giving me the opportunity
to teach a variety of courses as a graduate student.

Several mathematicians have helped shape and strengthen my research and under-
standing. In particular, I thank Drs. William Banks and Tristan Freiberg for inviting me
to the University of Missouri, where we collaborated on our project concerning consecutive
primes in tuples. I extend thanks to Drs. Winston Heap and Audrey Terras for encouraging
me to publish my work on gaps between zeros of Dedekind zeta-functions of quadratic num-
ber fields. T am also grateful for helpful conversations and feedback from Drs. Amir Akbary,
Vorrapan Chandee, David Farmer, Andrew Granville, James Maynard, and Vijay Sookdeo.

I have benefited from the professional advice and encouragement from a large group
of mentors. In particular, I extend heartfelt thanks to my former advisers Dr. Fredric
Howard of Wake Forest University and Dr. Charlotte Knotts-Zides of Wofford College for
playing significant roles in my academic and professional development over the past several

years. Along the same line, I would like to thank Drs. Matt Cathey, Daniel Fiorelli, Steve

v



Gonek, Steven J. Miller, Susan Mossing, Laura Sheppardson, Sandra Spiroff, Bill Staton,
Lola Thompson, and Cassie Williams.

It would have been impossible to successfully emerge from this process without the
support of my friends and family. I warmly thank Ms. Sheila and Ms. Kay for their hugs and
sincerity. I thank my classmates Chris, Hoon, Stephen, and Wanda for being emphatic and
supportive friends. I thank my parents Beverley and Wes and my siblings Tripp, Elizabeth,
and Katherine for their constant encouragement and love. Finally, I thank my partner Ian

for making me laugh and smile every day.



TABLE OF CONTENTS

ABSTRACT] . . . . o o e e e e e e e e e e e e e e e e e e e e e e e e e e ii
DEDICATTIONI. . . v o ot e e e e e e e e e e e e e e e e e e e e e e e e iii
ACKNOWLEDGEMENTS] iv
1

(1.1~ Primes in Tuples| . . . . .. .. .. .. ... . ... 1
[I.1.1  Consecutive Primes in Tuples . . . . . ... .. ... ... ... ... 4
(L.2__The Prime Number Theorem and the Riemann Zeta-function/. . . . . . . .. 6
(1.3 Generalizations of ((s)| . . . . . . . . ... 8
[[.3.1 Properties of Automorphic L-functions on GL(m) over Q| . . . . . . . 9

[.3.2  Properties of Twisted Automorphic L-functions on GL(m) over Q| . . 11

[L4 Notationl . . . . . .« . o 12
(1.5 Continuous Moments of L-functionsl . . . . . . . . ... ... ... ... ... 12
(1.5.1  Moments of ((s)| . . . ... ... 13

[1.5.2  Gaps Between Zeros of Zeta-functions|. . . . . . ... ... ... ... 14

[1.5.3  Moments ot Products of Automorphic L-tunctions{ . . . . . . . . . .. 18

(L.5.4  Moments of Dedekind zeta-functions| . . . . ... ... ... ... .. 21

(L.5.5  Coefficients of Zeta- and L-functions in Short Intervald . . . . . . .. 22

(1.6  Moments of Quadratic T'wists of L-functions| . . . . . . . . ... .. ... .. 25

(1.6.1 Moments of Products of Quadratic Twists of Automorphic L-functions| 27

vi



2 THE PROOEF OF THEOREMIITT2AAND I'TS COROLLARIES 30

[2.2  The Proof of Corollary|1.1.3] . . . . .. ... ... .. .. ... ... ..... 32

[2.3  The Prootf of Corollary|1.1.4 . . . . .. ... ... ... ... ... .. .... 33

[2.4  The Proof of Corollary [1.1.5] . . . . . . .. .. ... ... ... ... ..... 35

S THE PROOEF OF THEORBEMILS.2 36

[3.1 Preliminary Results| . . . . . . ... .. ... ... oo 37

4 THE PROOE OF THEOREMI1.5.4 45

vil



BIBLIOGRAPHY]

viii



1 INTRODUCTION

Prime numbers are the most basic objects in mathematics. They also are among
the most mysterious, for after centuries of study, the structure of the set of prime numbers
1s still not well understood. Describing the distribution of primes is at the heart of much

mathematics...

— Andrew Granville [36]

1.1 Primes in Tuples

Let p denote a prime. Twin primes are pairs of primes of the form (p, p+2); examples
include (3,5), (11,13), and (41,43). The Twin Prime Conjectures states that there are
infinitely many such pairs of primes, but this is an open question. To date, the largest

known twin primes are

(3756801695685 - 2666669 _ 1 3756801695685 - 2606:669 4 1),

In 1849, de Polignac [26] made the more general conjecture that for every natural
number n, there are infinitely many pairs of primes of the form (p,p + 2n). Notice that
the Twin Prime Conjecture is a special case of de Polignac’s Conjecture. In April 2013,
Zhang [97] proved that there are infinitely pairs of primes that are at most 70 million apart.
During the summer of 2013, the constant 70 million was reduced via the online, collaborative

polymath8 project (see [74, [75]) using ideas of Zhang and, subsequently, of Maynard [62] and



Ta(ﬂ As of June 20, 2014, the best unconditional result attained is that there are infinitely
many pairs of primes at most 246 apart.
There are many other interesting questions concerning the distribution of the primes.

For example, in 1948 Erdés and Turan [29] asked the following question.

Question. Let {p,} denote the sequence of primes and k be a natural number. Can the
inequalities

Pn+1 — Pn < Pn+2 — Pn+1 < < Pn+k — Pn+k—1
have infinitely many solutions for every fized k?

As a consequence of a recent result of Maynard and Tao (described below), William
D. Banks, Tristan Freiberg, and I have answered this question in the affirmative.
In general, one may consider a k-tuple of linear forms in Z[z| and inquire as to whether

or not the tuple can represent primes infinitely often. For example, consider the 3-tuple
{z, x4+ 2, z+4}.

The choice of © = 3 produces the prime triple {3,5,7}. The 3-tuple {z, z+2, z+4} cannot,
however, represent primes for infinitely many integer values of = since for every x € N, one of
the entries in the tuple is always divisible by 3. In order to avoid such an impediment when
searching for k-tuples which represent primes infinitely often, we introduce the following

notion.

Definition 1.1.1. A k-tuple of linear forms in Z[z|, denoted by

H(w) = {gjo + hi}y,

n [62], Maynard writes “Terence Tao (private communication) has independently proven Theorem 1.1
(with a slightly weaker bound) at much the same time.”



is said to be admissible if the associated polynomial fy(x) := [],;<,(g;x + h;) has no fixed

prime divisor, that is, if the inequality

#{n mod p: fy(n) =0mod p} <p

holds for every prime number p.

The results given in Section [1.1.1] of this introduction require the entries of the ad-
missible k-tuples to be distinct and positive for large values of k. To this end, we consider

k-tuples for which

g1, .-, 0k > 0 and H (gzhj — g]hz) 7A 0. (111)

1<i<j<k

One form of the Prime k-tuple Conjecture asserts that if H(x) is admissible and satisfies

, then
H(n)={gn+ h;}\_,

is a k-tuple of primes for infinitely many n € N. In November of 2013, Maynard [62] and
Tao came very close to proving this form of the Prime k-tuple Conjecture. The following

formulation of their remarkable theorem has been given by Granville [37, Theorem 6.2].

Maynard-Tao Theorem. Let {g;z + h;}¥_, be an admissible k-tuple satisfying (L.1.1]).
For any natural number m > 2, there is a number k,,, depending only on m, such that for
every integer k > ky,, the k-tuple {g;n+ hj}le contains m primes for infinitely many n €N.

Moreover, one can take k,, to be any number such that k,, log k,, > €34,

For a thorough overview of these problems on gaps between primes and the ideas of

Zhang and Maynard, we refer the reader to Granville’s survey article [37].



1.1 Consecutive Primes in Tuples

The following theorem establishes the existence of m-tuples that infinitely often repre-
sent strings of consecutive prime numbers. This theorem and the three succeeding corollaries

were proved in collaboration with William D. Banks and Tristan Freiberg. (See [4].)

Theorem 1.1.2. Let m,k € N with m > 2 and k > k,,, where ky,logk, > ¥t as
in the Maynard-Tao Theorem. Let by, ..., b, be distinct integers such that {x + bj};?:l 18
admissible, and let g be any positive integer coprime with by ---by. Then, for some subset
{h1,... hm} CA{b1,..., b}, there are infinitely many n €N such that gn + hq,...,gn + hy,

are consecutive primes.

Theorem has various applications to the study of gaps between consecutive

m

primes. In order to state our results more easily, let us call a sequence (9,) 7L, of positive

integers a run of consecutive prime gaps if
0j = dyij = Dryj+1 — Drij (1<j<m)

for some natural number r, where p, denotes the nth prime. The following corollary of
Theorem answers an old question of Erdés and Turan [29] (see also Erdés [28] and
Guy [38, A11]).

Corollary 1.1.3. For every natural number m > 2, there are infinitely many runs ((5]-)}":1

of consecutive prime gaps with d, < - -- < 0, and infinitely many runs with 61 > -+ > p,.

In Chapter , we prove Corollary by constructing infinitely many runs (J;)7,

of consecutive prime gaps with



and infinitely many runs with
6j>6j+1+"'+5m (1§j§m_1>'

Using a similar argument, we can also impose a divisibility requirement among gaps

between consecutive primes.

Corollary 1.1.4. For every natural number m > 2 there exist infinitely many runs (0;)7,
of consecutive prime gaps such that §; | §;41 for 1 < j < m — 1, and infinitely many runs

for which 641 | 6; for 1 < j<m—1.

As in the previous corollary, we can actually prove a bit more. Indeed, in the proof of
Corollary given in Chapter , we construct infinitely many runs (d;)72, of consecutive
prime gaps with

01+ 0j10;

for 2 < j < m and infinitely many runs with
OmOm—1-+0j1 | 0

for1<j<m-—1.
In 1920, Chowla conjectured that for D > 3 and (a, D) = 1, there are infinitely many

pairs of consecutive primes p, and p,,; with
Pr = Pra1 = amod D.

(See also [38, A4].) In 1997, D. Shiu [83] proved this conjecture for all « and D with
(a, D) = 1. Moreover, he proved the following theorem on consecutive primes in a given

congruence class.



Theorem (D. Shiu). Let a and D be coprime integers. For every natural number m > 2,

there are infinitely many r €N such that

Pril = Pra2 =+ = Drym = a mod D.

Our final application of Theorem [1.1.2]is the following extension of Shiu’s theorem.

Corollary 1.1.5. Let a and D be coprime integers. For every natural number m > 2, there

are infinitely many r €N such that

Pril = Drao =+ = Pram = a mod D

and prym — Pra1 < Cp, where C, is a constant depending on m and D.

For infinitely many n € N, let {Dn + hq,...,Dn + hy,} be the string of consecutive
primes guaranteed by Theorem [I.1.2, Then in our proof of Corollary [1.1.5] we show that

Cm:hm—hl

1.2 The Prime Number Theorem and the Riemann Zeta-function

The Riemann zeta-function is a riddle par excellence. It is natural to fall in love with
such a riddle, and then get disappointed by seeing that not much progress is to be hoped for

quickly.
— Cem Yildirim [94]

In 1737, Euler proved that the sum of the reciprocals of the primes diverges. A key

component in this proof was his discovery that, for all real s > 1,

ii = 1] (1—i)1. (1.2.1)
et ns v ps
p prime



The above sum is called a Dirichlet series, and the product is called an Fuler product. Note
that the infinitude of primes is a consequence of this equality. To study the distribution of

the primes, we consider the prime counting function

m(x) == Z L.

p<w

Gauss [31] and Legendre [57] independently conjectured the asymptotic behavior of

m(x) as x grows arbitrarily large. Their conjectures imply that the ratio

7(x)

x/logx

approaches 1 as x tends to infinity. In 1896, Hadamard [39] and de la Vallée Poussin [90]
independently proved this conjecture, known as the Prime Number Theorem. The analytic
proof of this theorem depends on the work of Riemann [77], who nearly 40 years earlier, had

the great insight to consider the variable s to be a complex number in the Dirichet series

and Euler product given in (1.2.1)).

Definition 1.2.1. Let s = o+it. The Riemann zeta-function is defined in the half-plane

R(s) > 1 by either the Dirichlet series or the Euler product

©=yem M (g)

The Riemann zeta-function is defined in the rest of the complex plane by analytic continua-
tion except for a simple pole at s = 1. Let I'(n) denote the gamma function. For all s € C,
the function

S

d(s) == 7T <2> C(s),

satisfies the functional equation

O(s) = P(1—3s).



By definition, |((s)| > 0 for ¢ > 1. Via the functional equation and well-known properties
of I'(s), one can deduce that ((—2n) = 0 for all natural numbers n. These are the so-called
trivial zeros of ((s). Riemann showed that there are infinitely many nontrivial zeros of
((s), which are located in the critical strip, 0 < ¢ < 1. He famously conjectured that all
the nontrivial zeros of ((s) have real part equal to 1/2. This statement is now called the
Riemann Hypothesis, and it is considered to be one of the most important open problems
in mathematics. Riemann found a deep connection between the nontrivial zeros of ((s)
and the distribution of the primes. Indeed, the key to the analytic proof of the Prime
Number Theorem is to show that {(1+it) # 0. Moreover, the Riemann Hypothesis provides

essentially the best possible bound for the error term in the Prime Number Theorem. (See

911.)

1.3 Generalizations of ((s)

Let us now consider a generalization of ((s) by letting K be a number field and O
its ring of integers. In the half-plane R(s) > 1, the Dedekind zeta-function attached to K is
defined as

= 3 = 11 (1)

ICOK pCOK
where I and p run over the nonzero ideals and prime ideals of Ok, respectively, and N = Nk q
denotes the absolute norm on K.
The function (x(s) extends meromorphically to the complex plane and has a simple
pole at s = 1 with residue

2M(2m)"
E{:els {Ck(s)} = #ﬁ%lﬂ% (1.3.1)

Here r; denotes the number of real embeddings of K, ry denotes the number of pairs of
complex embeddings of K, w is the number of roots of unity, d is the discriminant of K, h

is the class number of K, and R is the regulator.



The function (x(s) encodes information about the prime ideals of Ok due to the way
in which unique factorization generalizes. In the case K =Q, each element of Og=Z factors
uniquely as the product of prime integers, a fact established by the Fundamental Theorem
of Arithmetic. In this case, (x(s) = ((s), which we have seen encodes information about
the prime integers. Such a factorization does not hold for other choices of K. For example,

suppose K =Q[v/—5]. Then Ok =7Z[v/—5], and we can see that all of the elements of Z[/—5]

do not factor uniquely into irreducible elements of Z[/—5]. For example,

6=2-3=(144V5)(1—iV5),

and it is not difficult to show that 2,3, and 1+4v/5 are irreducible. Dedekind made the
discovery that the elements of Ok will, however, always factor uniquely into prime ideals.
Thus the correct generalization of unique factorization in a number field K is by way of
prime ideals.

The Riemann zeta-function and Dedekend zeta-functions are members of a large class
of functions, called L-functions. These functions can be defined in association with a plethora
of mathematical objects, including Dirichlet characters, holomorphic cusp forms, and elliptic
curves. Studying the analytic aspects of these functions is a worthwhile endeavor. As we
have seen, the truth of the Prime Number Theorem depends upon the value of ((s) on the
line s =141it. The residue of the pole of (x(s), given in , encodes information about
the class number of K. As a new example, the key component to the proof of Dirichlet’s
Theorem on primes in arithmetic progressions is the fact that the Dirichlet L-function L(s, x)

of a primitive character y does not vanish at s=1.

1.3 Properties of Automorphic L-functions on GL(m) over Q

As a whole, the Langlands program predicts that the most general L-functions are

attached to automorphic representations of GL(n) over a number field and further conjectures



that these L-functions should be expressible as products of the Riemann zeta-function and
automorphic L-functions attached to cuspidal automorphic representations of GL(m) over
the rationals. We study the properties of such L-functions.

Let 7 be an irreducible cuspidal automorphic representation of GL(m) over Q with

unitary central character. As before, let s = o + it. For R(s) > 1, we let

Lis,m) =3 a’;ff) — 1;[ Hl (1 - %@) (1.3.2)

n=1

p prime

be the global L-function attached to 7 (as defined by Godement and Jacquet in [32] and
Jacquet and Shalika in [51]). Here m € N is called the degree of the L-function, and
{a1(p),...,am(p)} is the set of local parameters of the L-function. Furthermore, a,(1)=1,
and a-(n), o;(p) € C for all 7, n, 7, and p.

An L-function is called primitive if it is not the product of two L-functions of smaller
degree. The (primitive) function L(s, ) is either the Riemann zeta-function or continues

analytically to an entire function of order 1 satisfying a functional equation of the form

®(s,m) := N (s,7) L(s, )

=€, ®(1—s,7),
where N is a natural number, |e;| =1, ®(s,7) = ®(5,7), and the gamma factor

V(s m) = HFR(8+Mj)-

Here I'g(s) = 7%/2(s/2), and the j; are complex numbers. The Generalized Riemann

Hypothesis states that all the nontrivial zeros of L(s,7) are on the critical line R(s)=1/2.

10



Logarithmically differentiating the Euler product given in [1.3.2] we define

L d (ai(p) + -+ ol (p) logp Z” Ar(n)
JE— = ——1 g =
L (S7 7T) ds 0g L<57 7T) ;Z>:1 pés -

p 9 - n:

for R(s) > 1. We note here that A (p) = a.(p)logp for primes p. For an in-depth discussion
of the theory of the L-functions, we refer the reader to Chapter 5 of the book by Iwaniec
and Kowalski [50].

1.3 Properties of Twisted Automorphic L-functions on GL(m) over Q

We will also study the properties of automorphic L-functions on GL(m) over Q twisted

by Dirichlet characters. Let x be a primitive Dirichlet character modulo ¢ satisfying (¢, N) =

1, and let
o0 -1
eren 5 1 ()
=1 pprlme
for R(s) > 1. Then
L d — Ax(n
—f(s,w®x) 3:—d—10gL37T®X ;

when R(s) > 1. For ¢ > 1, the function L(s, 7 ® x) continues to an entire function of order

1 and satisfies a functional equation of the form

O(s,m® x) = (qu)s/2 Yy (8, 7) L(s, ™ ® x)

= emx6(1—s,7r ® X),

where |e; | =1, ®(s,7 ® ) = ®(5, 7 ® X), and the gamma factor

Y (8, m) = H I'p (S+Mj7X)

j=1

11



for complex numbers 1. The Generalized Riemann Hypothesis states that all the nontrivial

zeros of L(s, m ® x) are on the critical line R(s)=1/2.

1.4 Notation

Throughout this thesis, let p denote a prime integer. We will make use of Landau’s
big-O notation, f(T) = O(¢(T)), and Vinogradov’s notation, f(7T") < ¢(T), to mean that

there exists a positive constant C' such that the inequality

|f(T)] < Clg(T)]|

holds as T' — oco. Unless otherwise stated, all constants implied by the big-O or < notations

are absolute. We also use the expression f(7T') > ¢(T) to mean that

|f(T)] = Clg(T)]

as T' — oo where the implied constant is absolute. Finally, the notation f(7T) ~ ¢(7T) as
T — oo means that
f(T)

Ly Sl

1.5 Continuous Moments of L-functions

The growth of a function and the distribution of its zeros are intimately connected,

a relationship illustrated by the following theorem from complex analysis.

Jensen’s Formula. Let f(z) be analytic for |z| < R, and suppose that f(0) # 0. If

P15 P2, - - -, P are the zeros of f(z) inside |z| < R, then

n 2
> toglpul = log(fO)IR") - 5= [ log]| (re)]| a0,
k=1

12



An analogue of this formula for rectangles is very useful when working with Dirichlet

series.

Littlewood’s Lemma. Let f(s) be analytic and nonzero on the rectangle C with vertices

0o, 01, 01 + i1, and oo + i1, where og < o1. Then

T T
27rZDist(p) :/ log|f(00+it)|dt—/ log | f(o1+1t)| dt
0

peC 0

+ /U1 arg f(oo+1T) do — /U1 arg f(o) do,

0 g0

where the sum runs over the zeros p of f(s) in C and Dist(p) is the distance from p to the

left edge of the rectangle.

By the arithmetic-geometric mean inequality, we have

T 1 T T 1 T
/ log | f(oo+it)|dt = — [ log|f(co+it)|** dt < — log —/ | f(oo+it) 2 dt ),
0 2k J, 2k T J,

which gives the connection between the mean-value estimate

T
/ | F(ootit) |2 dt
0

and the distance between certain zeros of f(s) and the line R(s) = oy.

1.5 Moments of ((s)

Definition 1.5.1. The 2kth moment of the modulus of the Riemann zeta-function is defined
71

I(T) = / C(——H’t)
0 2

where k is any positive real number.
Much thought has been given to understanding [, (7") for different values of k, however

as
2k

dt,

finding an asymptotic expression of I;(7T') for all & > 0 has proven to be a very difficult

13



question. In 1918, Hardy and Littlewood [42] showed that
L(T)~TlogT
as T'— oo. In 1926, Ingham [48] showed that
B(T) ~ 55105 T’

as T' — oco. No other asymptotic estimate has been proven for any other value of k& > 0.

I(T) = /OT c(%m)

for all £ > 0, where ¢ is some constant depending on k. Obtaining such an asymptotic

Conjecturally,
2k

dt ~ ¢, T(log T)**

expression currently seems out of reach, however precise values of the constants ¢, have been
conjectured using various techniques and approaches. For example, using number theoretic
techniques, Conrey and Ghosh [18] conjectured the precise value of ¢3, and Conrey and Gonek
[24] conjectured the precise value of ¢4. In 2000, Keating and Snaith [54] used techniques
from random matrix theory to conjecture the constants ¢, for k > —1/2. In 2003, Diaconu,
Goldfeld, and Hoffstein [27] used multiple Dirichlet series to obtain the constant conjectures
for all £ € N, as did Conrey, Farmer, Keating, Rubinstein, and Snaith [I7] in 2006 using

their L-function “recipe” and random matrix theory.

1.5  Gaps Between Zeros of Zeta-functions

In this section, we introduce Theorem [1.5.2] which pertains to the vertical distribution
of nontrivial zeros (x(s), where K is a quadratic number field. This result is proved in
Chapter |3| using the mixed second moments of derivatives of (x(s) on the critical line. (See

[89].)

14



First, we sketch the history of the problem for ((s). Denote the nontrivial zeros of
((s) as p=p'+iv/, where 5,7 € R. It is known that for large 7', the number of nontrivial
zeros of ((s) up to height T is
T T T
N(T) := = —log—— — :
(T) Z 1 5 log 5 "5 T O(logT)
0<y'<T

Consider the sequence 0 < v; < 74 < ... of consecutive ordinates of the nontrivial zeros of

s), and note that the average size of v/ ., —~/ is 27 /log~/. Normalizing, let
n+1 n n

o= limsup (Va1 — Vo) log 7,

n—o00 27'['

and

= Timing Ot =) 1087

n— 00 2

By definition, p < 1 < A, but it is conjectured that ¢ = 0 and A = oco. (See [65].)
In other words, it is expected that there are arbitrarily small and large (normalized) gaps
between consecutive nontrivial zeros of the Riemann zeta-function. Selberg (unpublished but
announced in [81]) proved that ;1 < 1 < A. There is an abundance of quantitative results on
the sizes of p and A, both unconditional and assuming various unproved hypotheses. See,
for instance, [6], [8], [9], [10], [20], [21], [19], [30], [34], [40], [41], [65], [66], [72], [84], and
[93]. Assuming the Riemann Hypothesis, the best current bounds are A > 2.9 by Bui [9] and
p < 0.5154 by Feng and Wu [30].

Let us now consider the problem in a different setting. Let K be a quadratic number
field with discriminant d, and let x4 be the Kronecker symbol of d. Then the Dedekind

zeta-function factors as

Cr(s) = C(s)L(s, xa), (1.5.1)

where ((s) is the Riemann zeta-function and L(s, x4) is the Dirichlet L-function associated

to X4-
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By understanding the moments of (x(s) on the critical line, we can study the vertical
distribution of the zeros of (x(s) in the critical strip, which we denote by px = S+iv. It has
been shown that for an imaginary quadratic number field K, the vertical distribution of the
nontrivial zeros of (x(s) is related to the existence or non-existence of Landau-Siegel zeros
and hence the size of the class number of K. This correspondence is described in the work
of Conrey and Iwaniec [I5]; see also Montgomery and Weinberger [68]. This circle of ideas
is often referred to as the Deuring-Heilbronn phenomenon. For a very nice overview of the
Deuring-Heilbronn phenomenon and its implications, see Stopple’s survey article [87].

For a real or imaginary quadratic number field of discriminant d, it is known [50,

Theorem 5.31] that for 7' > 2, we have

== 1_ ‘/_ <log( |d|T)).

(2w
0<~<T

Consider the sequence 0 < v; < 75 < ... of consecutive ordinates of the nontrivial zeros of

Ck(s), and note that the average size of v, 11 — v, is 7/1og(\/|d|V,). Normalizing, let

pr = liminf ot T
oo 7/ log(y/|d|va)

and

Ak = limsup Totl =T
n—oo 7/ log(\/|d|Vn)

By definition we have ux <1< Ak, however it is conjectured that pux =0 and A\g =o0. In
other words, we expect that there are arbitrarily small and large normalized gaps between
consecutive nontrivial zeros of Dedekind zeta-functions of quadratic number fields. While we
expect ux =0, this is not due to the presumption of coincident nontrivial zeros of ((s) and
L(s,xq). On the contrary, we expect that the zeros of (x(s) are simple. Conrey, Ghosh, and
Gonek [22] have shown that the number of simple zeros of (x(s) with 0 < 7 < T exceeds

TS/M for sufficiently large T. In [23], the same authors show, assuming the Generalized
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Riemann Hypothesis for Dirichlet L-functions, that a positive proportion of the zeros of
(k(s) are simple. In general, it is conjectured that any two distinct primitive L-functions
should have no shared zero.

That pux <1<k is an open question, and in particular there do not seem to be any
quantitative results concerning the sizes of px or A\gx. Towards finding a nontrivial lower

bound for A\x , we prove the following unconditional theorem.

Theorem 1.5.2. Let T'> 2 and ¢ > 0. Let K be a quadratic number field of discriminant d

with |d| < T5~¢. There exists a subinterval of [T, 2T having length at least

1+ O0(|d] log™' 1))

o™
log +/ |d\T(
for which the function t — (x(1/2 +it) is free of zeros.

Theorem does not, a fortiori, state anything about the quantity Ax. However, if
we assume the Generalized Riemann Hypothesis for (x(s), then Theorem immediately

implies the following inequality for \g.

Corollary 1.5.3. Assume the Generalized Riemann Hypothesis for Cx(s). Then Mg > /6.
In particular, there are infinitely many normalized gaps between consecutive zeros of (x($)

which are greater than /6 — ¢ times the average spacing for any € > 0.

The constant v/6 in Corollary is larger than one might expect since the same
method of proof applied to the Riemann zeta-function only exhibits gaps between nontrivial
zeros of ((s) of size /3 times the average spacing. (See [40].) Moreover, in contrast to
Theorem [1.5.2] and its corollary, establishing a nontrivial upper bound on pux seems to be
more difficult due to the connection to the Deuring-Heilbronn phenomenon and the class

number problem for imaginary quadratic fields mentioned above.
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1.5 Moments of Products of Automorphic L-functions

In this section, assuming some standard conjectures, we give upper bounds on mo-
ments of arbitrary products of automorphic L-functions. This is joint work with Micah B.
Milinovich. (See [63].)

In general, given a primitive automorphic L-function, L(s, ), normalized so that
R(s) = 1/2 is the critical line, it has been conjectured [17] that there exist constants C'(k, )
such that

T
/ LA 4it, m)P* dt ~ C(k, 7) T (log T)*
0

for any k > 0 as T" — oo. For degree one L-functions, the Riemann zeta-function and
Dirichlet L-functions, the conjecture is known to hold when k is 1 or 2. For degree two L-
functions, many cases of the conjecture have been established when k = 1. See, for instance,
results of Good [35] and Zhang [95] 96]. For higher degree L-functions, and for higher values
of k, the conjecture seems to be beyond the scope of current techniques.

It is expected that the values of distinct primitive L-functions on the critical line are
uncorrelated. Therefore, given r distinct primitive L-functions, L(s,m),..., L(s,m,), nor-
malized so that R(s) = 1/2 is the critical line, one might conjecture that for any ky,..., k. > 0

we have
T — 2 2
/0 |L(3+it, m)|* -+ |L(3+it, m,)|*rdt ~ C(k,7) T (log T) i+ 5 (1.5.2)

for some constant C(k,7) as T — oo where k = (ky,..., k) and @ = (m,..., 7). The
conjectural order of magnitude of the moments in is consistent with the observation
that the logarithms of distinct primitive L-functions on the critical line, log L(%—I—it,m)
and log L(5 +1t, ), are (essentially) statistically independent if m % m, as t varies under

the assumption of Selberg’s orthogonality ConjecturesE| for the Dirichlet series coefficients of

2For automorphic L-functions, we state Selberg’s orthogonality conjectures in Chapter
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L(s,m) and L(s,m). This statistical independence can be made precise; see, for instance,
the work of Bombieri and Hejhal [5] and Selberg [82].

Corollary A of [85] states that for the Riemann zeta-function the inequality

T

T(log T)* < / C(L+at) [ dt <, T(log T)*"+*
0

holds for any k£ > 0 and every € > 0 assuming the Riemann Hypothesis. The upper bound
is due to Soundararajan, and the lower bound is due to Ramachandra [76]. In May of 2013,
Harper [44] refined the ideas of Soundararajan and proved, under the assumption of the

Riemann Hypothesis, that for every positive real number k, we have

[+

where the indicated constant depends on k. We note that Harper uses Soundararajan’s

2k
dt <, T(log T)*,

upper bounds for moments of ((s) in [85] to prove this result.
In support of the conjecture in (|1.5.2)), we have proven the following mean-value

estimate for arbitrary products of primitive automorphic L-functions.

Theorem 1.5.4. Let L(s,m),...,L(s,m.) be L-functions attached to distinct irreducible
cuspidal automorphic representations, m;, of GL(m;) over Q each with unitary central char-
acter, and assume that these L-functions satisfy the Generalized Riemann Hypothesis. Then,
if 112152(7« m; < 4, we have

T
/0 |L(34it,m)[* -+ |L(3 +it, 7, ) | dt < T(log kit thite (1.5.3)

for any ky,... k. > 0 and every ¢ > 0 when T is sufficiently large. The implied constant
in (1.5.3) depends on my,... 7., ki,... k., and €. If 1r£1]a§>§n mj > b, then the inequality in

(1.5.3) holds under the additional assumption of Hypothesis H, which is given in Chapter .
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Observe that the upper bound in Theorem [1.5.4]is nearly as sharp as the conjectured
asymptotic formula in ((1.5.2). In the case r = 1, combining the result of Theorem with

the work of Pi [73], we deduce that
2 T 2
T(log TV <pr / L(Ltit, )P* dt <o pe T(log T)F* (1.5.4)
0

for any £ > 0 and every ¢ > 0 where 7 is a self-contragredient irreducible cuspidal automor-
phic representations of GL(m) over Q under the assumptions of the Generalized Riemann
Hypothesis and the Ramanujan-Petersson Conjectureﬁ for L(s,m). The upper bound holds
under weaker assumptions and for more general L-functions. We may let L(s,m) = ((s)
in the proof of Theorem [[.5.4] so our theorem generalizes Soundararajan’s result. As is
the case in [85], it is possible to replace the £ in Theorem by a quantity which is
O(1/logloglogT); see Ivi¢ [49]. Moreover, note that we do not assume that the L-functions
in Theorem satisfy the Ramanujan-Petersson Conjecture. Instead, we assume Hy-
pothesis H of Rudnick and Sarnak [79]. This mild (but unproven) conjecture is implied
by the Ramanujan-Petersson Conjecture and is known to hold for L-functions attached to
irreducible cuspidal automorphic representations on GL(m) over Q if m < 4.

Finally we remark that, assuming the Generalized Riemann Hypothesis and the
Ramanujan-Petersson Conjecture, Pi [73] has shown that the integral in is < T(log T)¥*
if 7 is self-contragredient for any fixed k satisfying 0 < k < 2/m. Moreover, lower bounds for
the integral in which are > T'(log T)*" for any positive rational number k have been
established by Akbary and Fodden [1] assuming unproven bounds toward the Ramanujan-
Petersson Conjecture but without assuming the Generalized Riemann Hypothesis. The

results in [I] are unconditional in the case m = 2.

3For automorphic L-functions, we state the Ramanujan-Petersson Conjecture in Chapter
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1.5 Moments of Dedekind zeta-functions

Let K be an algebraic number field. It is known that the Dedekind zeta-function
attached to K factors as a product of Artin L-functions. For instance, if K is a Galois

extension of QQ, then

=[] L(s, x)™ (1.5.5)

where the product is over the irreducible characters x of Gal(K/Q) and
Z x(1)? = |Gal(K/Q)| = [K : Q]. (1.5.6)

The Langlands reciprocity conjecture implies that each L(s,x) = L(s, ) for an irreducible
cuspidal automorphic representation 7 of GL(m) over Q where x(1) = m. By (1.5.2)), (1.5.5)),

and ((1.5.6)), for Galois extensions K over Q, this leads to the conjecture that
T 2% 2
/|@@Hm dt ~ C(k, K) T (log T)K:Qk (1.5.7)
0

for any £ > 0 as T — oo. Here C(k, K) is a constant depending on k and the number field

K. The recent work of Heap [45] discusses this conjecture in more detail.

The conjectural asymptotic formula in (1.5.7)) is known to hold when k£ = 1 for the
Dedekind zeta-functions of quadratic extensions of Q. Let d be a fundamental discriminant,

and let K = Q[v/d]. Then Motohashi [70] has shown that

T
1 . 2 6 9 1 2
/0 ‘CK(§+Zt)} dt ~ PL(l,xd) H (1+5) Tlog*T

pld

as T — oo using the factorization (x(s) = ((s)L(s, xq), where L(s, xq) is the Dirichlet L-

function associated to x4, the Kronecker symbol of d. Also in support of ((1.5.7)), for finite
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Galois extensions K over QQ, Akbary and Fodden [I] have shown that the inequality
T 2k 2
/ Cx (+it)| " dt > T(log T)IF-O
0

holds for any rational number £ > 0 as T' — oc.

Using results of Arthur and Clozel [2], the following mean-value estimate for Dedekind

zeta-functions is a consequence of Theorem

Corollary 1.5.5. Let K be a finite solvable Galois extension of Q, and let (x(s) be the
associated Dedekind zeta-function. Then, assuming the Generalized Riemann Hypothesis for

Ck(s), we have

T
/ (G (§+it) | dt < e T(log T)FQH+
0
for any k,e > 0 when T is sufficiently large.

The condition that Gal(K/Q) be a solvable group can be removed by approaching

the problem in a more algebraic way.
Theorem 1.5.6. Let K be a finite Galois extension of Q. Then, assuming the Generalized
Riemann Hypothesis for (k(s), we have

T
/ |Cre(3+it) [P dt < g o T(log T) K@+
0

for any k,e > 0 when T is sufficiently large.

Unlike the proof of Corollary [1.5.5] our proof of Theorem does not rely on a

factorization of (x(s) into automorphic L-functions.

1.5 Coefficients of Zeta- and L-functions in Short Intervals

As an application of Theorem let K be a number field with discriminant d, and

let ri(n) denote the number of ideals in K of norm n. Then, by the definition of (x(s), we
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see that

_ i ”;(S’”‘), R(s) > 1.

n=1
When K is a Galois extension of Q, we can use Theorem [1.5.6] and a technique of Selberg

[80] to study the distribution of 7, (n) in short intervals assuming the Generalized Riemann

Hypothesis for (x(s). In order to state our result, recall from (|1.3.1]) that

2" (27)"2h R

w /]

where r; is the number of real embeddings of K, ry is the number of pairs of complex

flog LGr()} = Jim(s=1)(e) =

embeddings, h is the class number of K, R is the regulator, w is the number of roots of unity
in K, and d is the discriminant. Landau’s classical mean-value estimate for the arithmetic

function rg(n) is

Z ’[“K 27"1 27T)7”2hR T + O(:Bl_Q/([K:Q}_,_l)) .

n<x QUV/__

In Chapter [6] we prove the following conditional estimate for the variance of the arith-
metic function rx(n) in short intervals. This result, proved in collaboration with Micah B.

Milinovich, appears in [63].

Theorem 1.5.7. Let K be a finite Galois extension of Q. Let y = y(x) be a positive
and increasing function such that y — oo and y/x — 0 as © — oo. Then, assuming the

Generalized Riemann Hypothesis for (k(s), we have

)

for e > 0 when X is sufficiently large. Here the implied constant depends on K and .

2" (27)"2h R

7 dr < y(log X)H:Q+e

ri(n) —

r<n<x+y

Assuming the Generalized Riemann Hypothesis for (k(s), it follows from Theorem
[L5.7 that
2" (2m)"hR
S ~ LR,

z<n<z+y ’d’
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for almost all x if we choose y to be a function of z satisfying y/(logz)* @+ — 0o but
y/r — 0 as x — 00.

Using Theorem [1.5.4] we can similarly study the behavior of coefficients of products
of automorphic L-functions in short intervals. To state the results in this situation, we first

introduce some notation. For £ > 0 an integer and kq,..., k. € N, let
L(s) = ¢(s)* ] ] L(s, )"
j=1

be an (automorphic) L-function. Here we are assuming that the L-functions L(s, m), ..., L(s, ;)
are as in Theorem and that L(s,m;) # ((s) for all 1 < j <r. We distinguish between
the case k = 0, where L(s) is entire, and the case k > 1, where L(s) has a pole of order k at

s =1. For R(s) > 1, we set

)

}:“Lm’ it k=0
ns ) b

n=1

> bL(TL)

~—

(]

. ifkeN.

nS

\ n=1

As is to be expected, the behavior of ar(n) and by (n) in short intervals differs due to the

presence of the pole of the generating function when £ > 1. For x > 0, we define

X

RLmﬁzzggﬁ(LQQ—j).

S

Note that Ry (x) =0 if £ = 0, that
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if k =1, and that

Ri(z) = %HL(L@)% + O(z(log )" ?)

7j=1
if £ > 2. In Chapter [6], we modify the proof of Theorem to prove the following theorem.

Theorem 1.5.8. Let L(s,m),...,L(s,m.) be L-functions attached to distinct irreducible
cuspidal automorphic representations, w;, of GL(m;) over Q each with unitary central char-
acter, and assume that these L-functions satisfy the Generalized Riemann Hypothesis. Let
y = y(z) be a positive and increasing function such that y — oo and y/z — 0 as x — 0.
Then, if gjagxr m; < 4, we have

1 2X
v/,

2
dr < y(logX)k%Jr"'Jrk%Jrs

Z ar(n)

r<nlzr+y

and
1 2X ’ 2 2 2
X / S buln) — (Ruloty) = Ru(a))| di <y (log X Hesiiee
X rz<n<lz+y
for e > 0 when X is sufficiently large and the implied constants depend on m,..., 7., k,
ki,..., k., and . If max m, > 5, then the result holds under the additional assumption of
ST

Hypothesis H, which is given in Chapter [}

1.6 Moments of Quadratic Twists of L-functions

In this section, assuming the Generalized Riemann Hypothesis and the Ramanujan-
Petersson Conjecture, we give upper bounds on moments of arbitrary products of automor-
phic L-functions twisted by quadratic Dirichlet characters. This is joint work with Micah B.
Milinovich. (See [63].)
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One can use the methods of Soundararajan in [85] to study the moments of central
values of quadratic twists of automorphic L-functions. In this case, the conjecture for the size
of moments depends on the symmetry type of the family of these twists. Let L(s,n) be an
L-function attached to a self-contragredient irreducible cuspidal automorphic representation
7w on GL(m) over Q. (We assume the L-function is self-dual so that the central value is
real.) Then Katz and Sarnak [52] and Rubinstein [78] have conjectured that the family of
quadratic twists of L(s, ) has either symplectic or orthogonal symmetry corresponding to
whether or not the symmetric square L-function L(s,m, A?) has a pole at s = 1.

Following the notation in [78], we set §(w) = 1 if L(s, 7, A?) does not have a pole at
s =1 and set 6(7) = —1 if L(s,m, A?) has a pole at s = 1. Then for each k& > 0 it has been

conjectured (see [16], [53]) that there are constants C”(k, ) > 0 such that

S L, 7w ® xa)* ~ C7(k, 7)X (log X )HE-5)/2

ldI<X
as X — o0o. Here the superscript b indicates that the sums run over fundamental discrimi-
nants d, x4 denotes the corresponding primitive quadratic Dirichlet character, and (as before)
we have normalized so that s = 1/2 is the central point. In the case of quadratic Dirichlet
L-functions and L-functions of quadratic twists of a fixed elliptic curve E, Soundararajan

[85] proved that

b
D TL(3, xa)" < X(log X)kkHD/2t2 (1.6.1)
| <X
and
b
D L E® xa)* < X(log X)FA-1/2e (1.6.2)
| <X

for every £ > 0 and any ¢ > 0 assuming the Generalized Riemann Hypothesis for the relevant
L-functions. (Note that in the first example the L-functions have §(7) = —1, and in the

second case the L-functions have d(7) = 1.)
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1.6 Moments of Products of Quadratic Twists of Automorphic L-functions

We generalize the above results of Soundararajan and, in analogy with our Theorem
[1.5.4]) we prove the following result for central values of quadratic twists of arbitrary products

of automorphic L-functions.

Theorem 1.6.1. Let d denote a fundamental discriminant, and let x4 be a primitive quadratic
Dirichlet character of conductor |d|. Let L(s,m),...,L(s,m.) be L-functions attached to
distinct self-contragredient irreducible cuspidal automorphic representations, w;, of GL(m;)
over Q each with unitary central character, and assume that the twisted L-functions L(s, ™ ®
Xd)s - -+, L(s, m-®xq) satisfy the Generalized Riemann Hypothesis and the Ramanujan-Petersson

Congecture. Then we have

b
STULGm @ X)L © xa)' < X (log XS 2t Gemdm) 22 (16.3)
|d|<X

for any ki,..., k. > 0 and every e > 0 when X is sufficiently large. Here the superscript b
indicates that the sum is restricted to fundamental discriminants, and the implied constant

depends on mwy, ..., 7, k1,..., k., and €.

We now give two examples which are consequences of Theorem and generalize

Soundararajan’s results in (1.6.1)) and (|1.6.2]) to biquadratic extensions of Q. Let d; and ds
be coprime fundamental discriminants, and let Ky, 4, = Q[\/d_1 , \/d_g] be the corresponding

biquadratic number field. Then the Dedekind zeta-function of Ky, 4, factors as

CKdl,dQ(S) = C(S)L(Sv Xd1)L(37 Xd2)L(Sv Xd1d2)a

and similarly, given an elliptic curve £ over Q, the Hasse-Weil L-function L(s, £/ K4, 4,) of

E over Ky, 4, factors as

L(87 E/Kd17d2) - L(S?E)L(SaE & Xdl)L(S7E & Xdz)L(Sﬂ E® Xd1d2)‘
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Using Theorem we can estimate moments of (x, ,(3) and L(3, E/Kq, 4,) by averaging
over two sets of fundamental discriminants. (We note that under the assumption of the
Generalized Riemann Hypothesis for these zeta- and L-functions, these central values are

non-negative real numbers.) In particular, we have

b
Z CKdl,dQ(%)k < X<10gX>3k(k+1)/2+1+5 (1.6.4)
|did2|<X
(d1,d2)=1
and
b
Y LG E/Kga)' < X (log X)PHt-0/2HTe (1.6.5)
|d1d2|<X
(d1,d2)=1

for any e > 0. Here the superscript b indicates that the sum runs over two sets fundamental
discriminants, d; and ds. When k£ = 1, the conditional estimate in (|1.6.4)) is consistent with

a result of Chinta [14] who proved that, as X — oo,

b did
> a(dl,dﬂcml,@(%)F(sz) ~ cXlog' X
di,ds odd

for a constant ¢ > 0, where F' is a smooth compactly supported test function satisfying
J.° F(z)de =1 and a(dy, do) is a weighting factor satisfying a(dy, dp) = 1if (dy,dz) = 1 and

is (on average) small otherwise.

Since the condition (d;,ds) = 1 implies that Xa,a, = Xa,Xd,, and 6(m) = —1 for any

degree one L-function, under the conditions of Theorem we have

Zb CKdl,dz(%)k = C(%)k Zb L(%?Xdl)k Zb L(%dez)kL(%axmdz)k

|d1d2|<X da|<X |d2|<X/|d1]
(dy,d2)=1 (d1,d2):1
b L(1, k
< X(logX)k(k—i—l)—i—a Z (zde(h)
<X !

< X(lOg X)3k’(k’+l)/2+1+5
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by two applications of (1.6.3)) and summation by parts. This proves that the estimate in

follows from Theorem m

To prove ([L.6.5), we observe that the modularity theorems of Wiles [92], Wiles and
Taylor [88], and Breuil, Conrad, Diamond, and Taylor [7] imply that L(s, F) and its quadratic
twists correspond to L-functions attached to irreducible cuspidal automorphic representa-
tions of GL(2) over Q. Moreover, we have 6(m) = 1 for each of these L-functions. Therefore,

under the conditions of Theorem [1.6.1] we similarly have

b b b
Z L(%7E/Kd1,d2)k - L(%7E>k Z L<%7E®Xd1)k Z L(%7E®Xd2)kL<%’E®Xdld2)k

|d1d2| <X |d1|<X d2|<X/|d1]
(d17d2):1 (dl,d2)=1
b L(l E® Xd )k
X(log X k(k—1)+e 2 1
< X(log X) E @
ld1|<X

< X(lOg X)3k(k:—1)/2+1+6

by two more applications of ([1.6.3) and summation by parts. This shows that the estimate

in (1.6.5)) also follows from Theorem [1.6.1]
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2 THE PROOF OF THEOREM [1.1.2) AND ITS COROLLARIES

In this chapter, we prove Theorem that is, we establish the existence of m-
tuples that infinitely often represent strings of consecutive prime numbers. The proof is
based on the recent work of Maynard [62] and Tao which proves the existence of m-tuples
that infinitely often represent strings of prime numbers. We also give proofs to Corollary
[1.1.3] Corollary [.1.4, and Corollary [I.I.5] The results in this chapter were proved jointly
with William D. Banks and Tristan Freiberg. The proofs given here are slightly expanded

versions of the proofs that appear in our article [4].

2.1 The Proof of Theorem |1.1.2

We now prove Theorem [1.1.2]

Proof. Let m,k € N with m > 2 and k > k,,,, where k,, logk,, > e¥*4. Let by,..., b, be
distinct integers such that {z+b, }le is admissible, and let g be any positive integer coprime

with by - - - bg. Notice that, for any integer B, the k-tuple
{z+0b;+ 9B},
is also admissible. Thus we may assume, without loss of generality, that

1<b < - < by
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We will now construct a new admissible k-tuple of linear forms which will generate strings
of consecutive primes infinitely often. Let r = by — k > 1, and choose arbitrary primes

¢ < --+ < ¢, coprime to g. For each ¢;, we have (g, ¢;) = 1, and thus the linear congruence
ga; +t =0 mod ¢;

has a solution a;, say. By the Chinese Remainder Theorem, we can find an integer a such
that

ga+t=0mod ¢ (1<t<b, and t¢& {by,...,bg}).

Consider the k-tuple

A(x) = {9Q + ga+ b},

where Q := ¢y - - - ¢, Since {z+b;}¥_, is admissible and t ¢ {by, ..., by}, it follows that A(z)
is also admissible. Moreover, A(x) satisfies (1.1.1)) (with g; = ¢@Q and h; = ga + b;) since
the integers by, ..., b, are distinct and g@) > 1. For every N € N our choices of () and a

guarantee that
g(QN +a)+t=0mod ¢ (1<t<b, and t¢& {by,...,b}).
Consequently, any prime number in the interval
g(QN +a) + by, g(QN +a)+ by

must lie in A(N).
Now let m’ be the largest integer such that there is a subset {hy, ..., by} of {by, ..., by}

with the property that the m’ integers

g(@N +a)+h;  (1<i<m) (2.1.1)
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are simultaneously prime for infinitely many N € N. Since k£ > k,, we can apply the
Maynard—Tao Theorem with A(z) to deduce that m’ > m.

By the maximal property of m/, it must be the case that for all sufficiently large
N €N, if the numbers in are all prime, then g(QN + a) + b; is composite for every

bj € {b1,.... b} \ {h1,..., hpy}. Hence, for infinitely many N €N, the interval

contains precisely m’ consecutive primes, namely, the numbers

{gn + hi}?il

with n = QN + a. This completes the proof of Theorem [1.1.2] ]

2.2 The Proof of Corollary [1.1.3

In this section, we prove Corollary [1.1.3] which in particular, answers the question of
Erdés and Turdn [29] given in Section |1.1.1}

Proof. Let m > 2, and let k be sufficiently large in terms of m. Let B(x) = {z + 2 ;?:1,

which is easily seen to be admissible. By Theorem there exists a tuple
Hlx) = {x+24}74) C B(a)

such that H(n) is an (m + 1)-tuple of consecutive primes for infinitely many n. Here,

1< < <Vpy1 < k. For such n, writing

H(n) = {n+ 21@-};@11 = {Pri1s- - Drame1}
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with some integer r, we have

0j = dryj = Prijr1 — Praj = 277
for 1 < 7 <m. Then
-1 j—1
0=y (2 =2

i=1 i=1

=2V — 2"

< QVi+1 At

=

for 2 < 7 < m. Hence,

0j1 <014+ 051 <0

for each j, which proves the first statement. To obtain runs of consecutive prime gaps with

0j > 0j41 + -+ 0 > 0jy1,

consider instead the admissible k-tuple {z — 2/ ?:1- This completes the proof.

2.3 The Proof of Corollary |1.1.4

In this section, we prove that for every natural number m > 2, there are infinitely

many runs (d;)72; of consecutive prime gaps such that §;_; | d; for 2 < j < m and infinitely

many runs such that §;4, | §; for 1 < j <m —1.
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Proof. Let m > 2, let k be sufficiently large in terms of m. Put ) := Hpgk p, and define the

sequence by, ..., b, inductively as follows. Let
bl = 07 b2 = Qa b3 = 2@7

and for any j > 3, let

bj=bj1+ H (b — bs).

1<s<t<j—1

Note that, for v > u > 1, we have

(bu—i-l - bu) | (bv—H - bv)-

(2.3.1)

Now let B(x)={x+b;}}_,, and observe that B(z) is admissible since ¢ divides each integer

b;. By Theorem there exists a tuple

H(z) = {z+b,}72) € B(x)

such that H(n) is an (m + 1)-tuple of consecutive primes for infinitely many n. Here, as

before, 1 <1y < --- < vy < k. For any such n, writing

H(n) = {TL + ij };n:—’il = {pr-i-la SR 7pr+m+1}

with some integer r, we have

0j = dryj = Pryjr1 — Praj = byyyy — by,

for 1 < j <m. Then

J—1

j—1
Hél = H(bl’i+1 - bl’z)
i=1

=1

1<s<t<y;
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if 2 < j < m. On the other hand, using (2.3.1)) we see that

vjt1—1

> (bigr = b)) =by,,, — by, = ;.

1=V;

(byj+1 - bl/j )

Hence, 1 ---6;_1 | 0; for 2 < j < m, which proves the first statement. To obtain runs of

consecutive prime gaps with

5m6m71 T 5j+1 ‘ 5j

for 1 <7 <m — 1, consider instead the admissible k-tuple {z — bj};?:l. O

2.4  The Proof of Corollary [1.1.5

In this section, we prove a strengthening of Shiu’s Theorem.

Proof. Let m > 2, let k be sufficiently large in terms of m. Since (a, D) = 1, there are
infinitely many primes in the arithmetic progression a mod D. Let ¢; < --- < g be primes
congruent to a mod D, with ¢; > k. Then B(x) = {x + ¢;}_, is admissible. By Theorem

1.1.2] we deduce that there is some

H(x) = {z + h}jt, € B(x)

such that, for infinitely many n € N, H(Dn) is an m-tuple of consecutive primes. These
consecutive primes lie in the arithmetic progression @ mod D and are contained in an interval
of length

(Dn + hy,) — (Dn + hy) = hy, — hy,

as desired. m
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3 THE PROOF OF THEOREM [1.5.2

In this chapter, we prove Theorem [1.5.2] which is unconditional. Upon assuming the
Generalized Riemann Hypothesis in Theorem [1.5.2] we exhibit gaps between consecutive
zeros of Cx(s) on the critical line which are at least v/6 = 2.44949... times the average
spacing. The proof appears in [89].

In 1926, Ingham [48] proved that for s = 1/24it and |a|, |5] < 1/2, we have

/OTg(eroz)((l—erﬂ)dt _ /OT (C(l—l—oz—l—ﬁ) n (%)ﬂw C(l—a—ﬁ)) (1 +0(t—5+5)>dt.

This ‘shifted” moment reveals a beautiful underlying structure which allows one to deduce
lower order terms and moments of derivatives of {(s) via differentiation and Cauchy’s integral

formula. For instance, Ingham’s theorem can be used to show that, for fixed pu,v € N,

(_1)N+V 441 +v
~————T(logT)* + O(T(log T)**),

T
(W) (L o)1 _
/Og (5+it)¢" (5 —it)dt P

where (") (s) denotes the pt" derivative of ¢(s). We make use of a similar shifted moment
result for a Dedekind zeta-function of a quadratic number field due to Heap [46] to obtain
the mixed second moments of derivatives of (k(s) on the critical line. We then combine these

results with an argument of R.R. Hall [40] to arrive at the conclusion of Theorem [1.5.2]
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3.1 Preliminary Results

The following shifted moment result for a Dedekind zeta-function of a quadratic

number field has recently been given by Heap [46].

Theorem 3.1.1. (Heap) Let K be the quadratic number field with discriminant d. Let

s =1/2+it and o, f € C such that |a|, |5] < 1/1og(+\/|d|T). Then we have

2T
/T Ck(s+a)(r(l—s+p5)di s
2T 1 . . 2
:/T {H(l_]m)l_[(lﬂLW) Cr(I+a+p)
b pld

"6 1\ 1 12
+<%> il (11?) lle(l—pHM) (1, xa)(1+a+B)C(1—a—B)
70‘766 1\ ! 1
+da—1+ﬁ(%) 2 i (1_;> lg(l—plaﬁ)LZ(Lxd)C(1+a+6)C(1—a—5)

1 [t 1 1\,
t Jovs (g) 11 (1—]m) 11 (HW) CK(l—oz—ﬁ)} dt

P pld

+O(|d|*CyT log T)

where the constant Cy is defined in (3.1.2)).
Proof. This is a consequence of [46, Theorem 1], letting h = k = 1. ]

The proof of Theorem requires asymptotic estimates of the mixed second mo-
ments of (x(3+it) and (i (3 +it) with a uniform error. We obtain these by way of the

following theorem, which is a consequence of Theorem [3.1.1}
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Theorem 3.1.2. Let K be the quadratic number field with discriminant d. Let T'> 2, and

W, v be non-negative integers. We have

/c L+it) O (3 —it) dt

(_1)#+V(2/.L+1/+1_ )
- 2C,T (log T)* 2 + O (pulw!|d|*CyT (log T)*++1),

(p+v+2)(n+v+1)
where the constant
6 N\,
Cai=— I+-=| L1, xa)- (3.1.2)
T pld p

Special cases of Theorem are known by the work of Motohashi [71] and Weinstein

[92], however we require the more general case to prove Theorem m

Proof of Theorem[3.1.9, Let ¢ > 0 be an arbitrary constant, s=1/2+it, and T' > 2 be fixed.
We first simplify the integral on the right-hand side of (3.1.1)) by considering each factor of

each term of the integrand. Since a+f < 1/log(+/|d|T), it follows that
A== 1+ O((a + B)|d[).

The Euler products on the right-hand side of (| can be simplified as

[ (1= ) - 1 (1- ) (1+O((a+6)|d|€)> = L (1+otaraan))

p p

11 (1+m)_1 =1] <1+%) B <1 + 0((a+5)\d|€)>,

pld pld

and

11 (1 m) II <1—]19) <1+O((a+ﬁ)yd|€)).

pld pld
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The factorization given in (1.5.1)) implies that

G (1% (0+8) = L1 )¢ (1% (a) (1+ Of(a+ )1

since |L(o, x4)| < log|d| for |1 — 0| < 1/log|d|. (See Section 14 of the book by Davenport

[25].) Furthermore, since ¢ € [T, 2T’], we have that

( ! >_a_6 =T (1+0(1/1logT)).

2

Using these estimates, we find that

27
/ Cr(s+a)x(1—s+03)dt
T

- [ {fﬂ <1+}9)1L2(1,Xd)C2(1+04+5)} at

e N R
+2/ {7?21}(”19) L2(1, xa)¢(14+a+3)((1 BT }dt

T

-1
+/2T %H(Hl) L*(1,xq)P(1—a—p)T 72728 4 dt
T pld p

T
+ O(|d|*CyT log T)

=1+ 2L+ I3+ O(|dFCqT log T,
say. Since ((1—s) = 1/s+ O(1), we can express the three integrals as
I = (a+B)2CyT + O(|dI*CyT log T), I = —(a+B)2CyT~* P + O(|d|*C4T log T),

and

Iy = (a+B) 2CqT** 1 + O(|d|*CyT log T).
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Finally, noting that
SoctH) i "o a—l—ﬁ) (log T)"

Y

n—=

we simplify I1+2154 I3 to conclude that

2T
Cr(s+a)lx(l—s+B)dt = F(a+8;T) + O(|d]*CaT log T),
T
where
Fla+B8;T) = QC’dTZ “la+p)(log T)n+2{2"+1 — 1. (3.1.3)

(n+2)!

We now follow an argument of Ingham [48] to complete the proof. Let

2T

R(a, B;T) := . Cr(s+a)lk(1—s+p5)dt — F(a+p5;T). (3.1.4)

Then R(a, 8;T') is an analytic function of the two complex variables o and 8 when R(«), R(3) <
1/2, and
R(a, 3;T) = O(|d|*CyT log T) (3.1.5)

holds by Theorem 1} Differentiating (3 , it follows that

- _O"F(a+BT)

|Gt I—s+B)dt = ——5 e

+ R, (o, 5;T), (3.1.6)

where p and v are fixed nonnegative integers and

" R(, 5;T)
dardpr

Ruu(a, 5;T) =
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Let € = {w € C; |w — a| = 1/1log T'}. By the Cauchy integral formula and (3.1.5]), we have

2 Ria, 5:T) = M—'/ R
€

dar 27 Jo (w — @)+l

= O(p!|d)*CyT (log T)*+1).

Appealing to the Cauchy integral formula once more, we deduce that

ot

R, (o, 3;T) := D

R(aa B; T) = O(,LL!I/!|d|ECdT(1Og T),LL+V+1)'

Thus (3.1.6)), with a=/5=0, gives

T v .
/ (O (it (3—ir) dt = | L E O BT) + O (u|dFCT (log T 1),
0 2 2 aaua/gu a=B=0

(3.1.7)

and it remains only to calculate the first term on the right-hand side. By differentiating

(3.1.3) with respect to o and § and simplifying, we determine that

v ) _1\utv(outv+l
[a F(a+B,T)] (=2 Y o0 T (log TY+7+2. (3.1.8)
a=£=0

dard Y  (ptr+2)(ptr+1)

Theorem now follows upon inserting (3.1.8]) into (3.1.7)). O

We now demonstrate how to obtain the lower bound in Theorem [1.5.2] The proof is
a variation of a method of R. R. Hall [40] using some ideas of Bredberg [6]. We begin by
defining the function

f(t) = ™8T (3 +it), (3.1.9)

where v is a real constant that will be chosen later. By Stirling’s formula, f(¢) mimics the
analogue of the Hardy Z-function for (x(s). Fix K, and let 7 denote an ordinate of a zero of
Ck(s) on the critical line R(s)=1/2. Note that f(¢) has the same zeros as (x (5+it), that is,

f(t) =0if and only if t =7. Let {7,,7,...,7y} denote the set of distinct zeros of f(t) in
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the interval [T, 27| arranged in non-decreasing order and ignoring multiplicity. Furthermore,
let

Rr = max{Y,11 — Jn : T+1 <7, <2T-1},

and note that A > limsup k7. Without loss of generality, we may assume that
T—o0

H—T<1 and 2T — Ay < 1, (3.1.10)

as otherwise there exist zeros 7, < ¥, and 7y, > 7y such that 7, —7; and Y5, ; — 7y are
> 1, and Theorem holds for this reason. In order to obtain a lower bound on kp, we

require the following lemma.

Lemma 3.1.3. Lety : [a,b] — C be a continuously differentiable function and suppose that

y(a) =y(b) = 0. Then

/a )R < (b;“)2 / e de

Proof. This is a variation of a well-known inequality of Wirtinger [43, Theorem 256] due to

Bredberg [6l Corollary 1]. O

3.2 The Proof of Theorem |1.5.2

With the above setup, we now prove Theorem [1.5.2

Proof of Theorem[1.5.3 Let e > 0 be a small positive constant which may vary from line to
line, and let f(¢) be the function defined in (3.1.9). By the definition of kr, for each pair of
consecutive zeros of f(t) in the interval [T, 27T], we have
Vn+1 2 Vrn+1
/ )R dt < *‘—?g/ YO0 (3.2.1)
7 ™ J5

n n
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Summing both sides of the equation in (3.2.1) over n forn=1,2,... N —

TN ’YN
/ If@)|*dt < —L / (t)|? dt.
Y1
By Weyl’s bound for the zeta-function,
C(L+it) < o+,

and the subconvexity bound

L( +it, xa) < [td] 167

due to Heath-Brown [47], we see that, for T <t < 2T and ¢ > 0,
F(B)] <t te]d s,
Therefore, by the assumption in (3.1.10]), we have

. Kt [* T
/ [f())dt < F/ |f/(#)]? dt + O(|d|s T z+%),

T T

Note that | f(t)[* = |k (3 +it)[* and

1, it follows that

(3.2.2)

|f/(8)Pdt = (e (3+it)|* +v* log® T|(k (3+it)|* + 2vlog T - Re (g}((%—i—it)(;((%—i—it)) . (3.2.3)
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Theorem [3.1.2] implies that

2T
/ (ke (34it)|2dt = CyTlog? T + O(|d|*C4T log T), (3.2.4)
T
2T
Ce(3+it) (ke (3+it)dt = —CyTlog® T + O(|d|*CyT log? T), (3.2.5)
T
and
2T 7
/ (3 +it)[Pdt = 6CdT log* T + O(|d|*CyT log” T), (3.2.6)
T

where Cy is the constant in (3.1.2)). By combining the estimates in (3.2.2]) — (3.2.6]), we find

that
K 6 1

£ > 1+ O(|dflog™* T
72 _602—12v+710g2T( +O(|df log )>’

uniformly for |d| < T5~¢. The choice of v = 1 minimizes 6% — 120 + 7, the minimum value

being 1. We conclude that

V6m
Ky > ——
log(/d|T)

(1 +O(|d|* log ™" T)).

This completes the proof. O]
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4 THE PROOF OF THEOREM |[1.5.4

In this chapter, we prove Theorem [I.5.4] that is, under the assumption of some

standard conjectures, we show that
! 2 2
/ L5 +it, m) [ - - |L(3+it, m) [P dt < T(log T)M+ e
0

for any kq,...,k. > 0 and every € > 0 when T is sufficiently large. This result was proved
in collaboration with Micah B. Milinovich and appears in [63].

There are a couple of aspects which make the proof of Theorem different than
the proof of the analogous result for the Riemann zeta-function. First of all, we need to un-
derstand the correlations of the coefficients of distinct L-functions averaged over the primes.
Secondly, we need to handle the contribution of these coefficients at the prime powers. In
[85], assuming the Riemann hypothesis, an inequality for the real part of the logarithm of
the Riemann zeta-function is derived which depends only on the primes. In the case of
((s), one can handle the contribution of the primes powers relatively easily. If we were
willing to assume the Ramanujan-Petersson Conjecture (given below) and the Generalized
Riemann Hypothesis for the symmetric square L-functions, then we could similarly derive
an inequality involving only the primes for the real part of the logarithms of the L-functions
in Theorem [I.5.4] In order to circumvent these additional assumptions, we must estimate
the contribution from the prime powers in a different way. To this end, we use a partial
result toward the Ramanujan-Petersson Conjecture for automorphic L-functions due to Luo,

Rudnick, and Sarnak [61] and also Hypothesis H (given below) which is known to hold for
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automorphic L-functions of small degree. Ideas similar to these were used for degree two
L-functions in [64].
4.1 Hypotheses and Conjectures

In this section we collect some hypotheses and conjectures. First, recall from Subsec-

tion that for £(s) > 1, we have

and
L (a1(p) + - +ap(p)logp _ O~ Ax(n)
——(s,m) = > 5 = vt
pt,e>1 n=1
Ramanujan-Petersson Conjecture. The local parameters o(p) satisfy |o;(p)] = 1 for

all but a finite number of primes p.

In general, this conjecture is open. Towards the Ramanujan-Petersson Conjecture,

Luo, Rudnick, and Sarnak [61] have shown that
oy (p)| < pt/2 1/
for all p. It follows that
Az ()] < mA(n)n'/2~1/m*+0) (4.1.1)

where A(n) is the Von Mandgoldt function, defined by A(n) =logp if n=p’,j > 1, and
A(n) = 0 otherwise. The bound in (4.1.1) is crucial to the proofs of Theorem and

Theorem [L6.11
We will make use of Hypothesis H of Rudnick and Sarnak [79].
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Hypothesis H. Let j > 2 be fixed, and let m be an irreducible cuspidal automorphic

representation of GL(m) over Q. Then we have
A-(p)]?
IR
- P

Hypothesis H is known to hold for automorphic L-functions of small degree.

Theorem 4.1.1. Hypothesis H is true for m < 4.

Proof. The case m = 1 is trivial, the case m = 2 follows from the work of Kim and Sarnak
[56], the case m = 3 is due to Rudnick and Sarnak [79], and the case m = 4 is due to Kim

53]. O

Given distinct automorphic L-functions L(s,7) and L(s,n’), we need to understand
the correlation of their Dirichlet series coefficients averaged over the primes. Selberg [82] has

made the following conjecture (in a different context).

Selberg’s Orthogonality Conjectures. Let 7w and 7’ be two irreducible unitary cuspidal
automorphic representations of GL(m) and GL(m') over Q, respectively, and let = > 3.

Then

)

loglogz + O(1), ifm=7,

S (p)ax(p) _ 3 Ax(p)Aw(p) _
2

P e Plog’p o(1), if w3

\

p<z

The following result allows us to use Selberg’s Orthogonality Conjectures in the proofs

of Theorems [1.5.4] and [1.6.1]

Theorem 4.1.2. Let w© and ©' be two irreducible unitary cuspidal automorphic representa-
tions of GL(m) and GL(m') over Q, respectively. If L(s,m) and L(s,7") satisfy Hypothesis
H, then the coefficients of these L-functions satisfy Selberg’s orthogonality conjectures. In

particular, Selberg’s orthogonality conjectures hold if max(m,m’) < 4.
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Proof. This was proved in the special case where at least one of w or 7’ is self-contragredient
in [58, 59], and in full generality by Liu and Ye in [60]. See also Avdispahi¢ and Smajlovié
[3]. O

4.2 Lemmas

In this section, we state three lemmas that will be used in the proof of Theorem [I.5.4]

Lemma 4.2.1. If {b,} is a sequence of complex numbers such that Y |b,| and > n|b,|* are

convergent, then

r

where the implied constant is absolute.

o0
E bnn—zt
n=1

2 [e'e} o]
dt =T |b,|* + O(Zn|bn|2)
n=1 n

=1

Proof. This is Montgomery and Vaughan’s mean-value theorem for Dirichlet polynomials

(see Corollary 3 of [67]). O

Lemma 4.2.2. Let T be large, x > 2, and let £ and j be natural numbers satisfying x* < T7.

Then for any complex numbers b(p) we have

1 2T
7,

where 7 is fixed and the sum runs over the primes p.

20
Z b(p)
pj(a'—i-it)

pi<z

Proof. This is a consequence of Lemma The case j = 1 essentially corresponds to

Lemma 3 of Soundararajan [85]. For any s € C, write

L
b By.e(n
P

p<y n<yt
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where 3, ,(n) = 0 unless n is the product of ¢ (not necessarily distinct) primes, all less than

or equal to y. In the later case, writing

-
@
n=]1n
i=1

where p; < ... <p. <yand a; +---+ o, = £, we have

e =(, ) gw

Thus, we have

N o Sl

where in the last step we have made the variable change v = jt. If y* < T, then Lemma

implies that

/2T
T

We now follow the combinatorial argument appearing in the proof of Lemma 3 of [85]. We

> o
n]a—i—zu

n<y

j : By (n
n]a+]zt

n<yt

20
Z b(P)
pj(o’-‘rit)

p<y

2
2jT—4T |By.0( |Bye(n)[*
dt < ] Z n2]o << T Z 230 :

Z b(p)
pj(o—‘rit)

p<y

n<yt n<y*

have

|By,e(n)]? l “lo(po) P - [b(p,) >
Z n2]a - Z Z L, ..., 2joay 2joau

n<yt P1<.<pr <y 1 yesar>1 P T pr
o1+ Far=~

¢ \b(m)!?‘” - [b(p,) [P
S g' Z Z (0417 o ,Oér) QjUal 2joay

PLI<<Pr<y @1y >1 Py Pr
a1+.. Aar=~L

o).
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that is

Combining estimates, the lemma follows. O]

Lemma 4.2.3. Assume that either L(s,m) is the Riemann zeta-function or that ®(s,)
has no pole or zero at s = 0,1. Let \y = 0.4912... denote the unique positive real number
satisfying e = \g+A3/2. Then, assuming the Generalized Riemann Hypothesis for L(s, ),

for all \g < X\ <logx/2 and logxz > 2, we have

A (n) logz/n  (14+ X)mlogT O( 1 )

log |L(+it <R
og |L(z+it, m)| < Z %*ﬁ”tlogn log x 2 log x

n<x n

log

forT <t < 2T andT sufficiently large, where the implied constant in the error term depends

only on .

Proof. The case where L(s, ) corresponds to the Riemann zeta-function is due to Soundarara-

jan [85], and the other cases are a consequence of Theorem 2.1 of Chandee [12]. O

4.3 The Frequency of Large Values of [, |L(3-+it,m;)]

In this section, we state and prove a value distribution result for a linear combination
of distinct primitive L-functions which will be used to deduce Theorem [1.5.4] This result is
an analogue of the main theorem in [85], and the proof given here is an expanded version of
the argument appearing in [63].

Let L(s,m),..., L(s,m.) be r distinct primitive L-functions (as in Theorem of

degrees myq, ..., m,, respectively, let

A = max {m%—l—l, e ,mf%—l},
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and let

Define the set

AT, V) ={t € [T,2T] : kylog|L(5+it,m )| + - -+ + k, log | L(3 +it, m,)| >V}

and the quantity

W=k + - +k*)loglogT.

Note that
2T 00
/ |L(3+it, )| - L3 +it, m,) | dt = —/ exp(2V) dmeas(A(T,V))
r e (4.3.2)
) / exp(2V) meas(A(T, V) dV.

To prove Theorem [1.5.4] it suffices to estimate the measure of A(T,V) for all V' > 3 when
T is large. Note that the definitions of A(T, V') and W depend on our choices of k1, ..., k,,
which we consider to be fixed throughout the proof Proposition below.

We prove estimates for the size of A(T, V') using Lemmas [4.2.2 and |4.2.3| The con-

tribution to the size of A(T, V') coming from the primes in the sum on the right-hand side of
the inequality in Lemma is estimated following the method of Soundararajan in [85],
and the contribution from the prime powers p’ with j > A is estimated trivially. More
care is necessary to handle the contribution from the prime powers p’ with 2 < j < A, and
this is where we appeal to and Hypothesis H. This allows us to circumvent using the

Ramanujan-Petersson Conjecture.

As might be expected, the proof of Theorem relies on understanding the cor-
relations between coefficients of distinct automorphic L-functions. The key ingredient to

the proof of the proposition below (and hence Theorem [1.5.4) is the fact that the Selberg
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orthogonality conjectures imply that

> ey Ay (D) + -+ + koA ()2

- = (ki +---+ k> loglogz + O(1) (4.3.3)
plog”p

p<z

as z — 0o, which can be seen by expanding the square on the left hand side of (4.3.3]).

Proposition 4.3.1. Let L(s,m),..., L(s,m.) be L-functions attached to distinct irreducible
cuspidal automorphic representations, m;, of GL(m;) over Q with unitary central character,
and assume that these L-functions satisfy the Generalized Riemann Hypothesis. If gjaé” m; <
4 or each of the L-functions satisfies Hypothesis H, then the following inequalities hold. If
JWng%, we have

meas(A(T,V)) < T\/LW exp (—VWQ <1 - IO;W)) ;

Wlog W, we have

2 2 2
meas(A(T,V)) < TL exp (—V— (1 5V ) > ;

|=

if <V <

1
2B?

Sy}

VW W\ AWlogW

and if ﬁWlogW <V, we have

1
meas(A(T,V)) < T exp (—WVIOg V)

for any ki, ..., k. >0 when T is sufficiently large.

Proof of Proposition[{.3.1. Our proof is similar to the proof of the main theorem of Soundarara-
jan in [85], and our notation follows that of [85] and Chandee [13]. Let L(s,7) be a primitive

L-function of degree m. Let A = \g < 1/2 and € < (1 — 2))/3. Choosing = = (log T')'~¢, it
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follows from Lemma 4.2.3] and (4.1.1)) that

. B 1+ Xo)mlogT 1
log |L(L+it, 7)| < m(log T)'~* +
og |L(3+it,m)| < m(logT) +2(1—€)loglogT+O (1—¢)loglog T

3m  logT
4 loglogT

IN

for sufficiently large T'. Therefore, we see that

3(kymy+---+km,) logT

kilog |L(3+it, m)| + - - + Ky log | L(3+it, m,)| < 1 loglog T

when T is large. Recalling the definition of B in (4.3.1]), we may assume that

3(B—1) logT
VIV <V L
- 4  loglogT

while proving the proposition. Note that B > 1 (a fact that is useful when deriving the

estimates below). Define a parameter A as

4

B .
ElogVV, if VIV <V < &,
L WlogW, if ¥ <V <-LWlogW,
A= m 0og ) 1 ﬂ< = 5B2 0og )
B, if V> LW log W,

and let x = T4V and z = z'/1°¢18T Choosing A = 1/2 in Lemma we deduce that

kilog|L(3+it, m)| + -+ + k, log | L(3 +it, m,))|

_ 4.3.4
<isl+ s X 1500+ I o, Y

2<<A
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where

St =3 (kihe, (D) + -+ + ko Ar (D) log(x/p)’

= ptEE g log.z

Sf(t) _ Z (klAﬂ'l (p) +t krAﬂ’r(p)) log(x/p)7

1 A .
z<p<z p§+logx+lt Ing log L

and

Si(t) = Z (ky A, (7)) + -+ - + ke Ay (7)) log(2/p7)
J eyl p](%+logz+it) 1ng] log:c

for 2 < j < A. The contribution from the prime powers for which j > A is O(1). Indeed,

(4.1.1) implies that

|k1A7r1 (p7) T+t krAfrr<p7)‘ < (klml + -+ krmr)(logp)pj/Q*j/A7

and hence
Z ki, (P7) + - + ke A (p7) | og (2/17) Z k1A, ( 4 kA ()]
pi<e Pj(%Jr@Ht) log p? log @ pi<a ij/Q log p
Ji>A J>A
1
<B-1Y s
p!<z
JSA
< B.
Let

o 7(3_1) * o (B_l)v
Vl'—V(l— 34 ) W=Vi= g

for 2 < j < A. Note that if t € A(T, V), then at least one of the following inequalities holds:

ST =W o [S5(0)] = V;
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for some j =1,2,...,A. To see why, suppose (towards contradiction) that |S7(¢)| < V}* and

|S;(t)] < V; for all 1 < j < A. Then, if t € [T,2T], we have

V <kilog|L(3+it, m)| 4+ -+ + k. log | L(3 +it, m,)|

<lsol+Isim+ Y 1501+ 222D o)
2<5<A

v (1_ 7(15’&Z 1)) . (B;A1)v+3(34— 1)%+0(1)

=V +0(1),

a contradiction. If we define

N;(T,V;) :=meas{t € [T,2T] : |5;(t)| > V;}

forj =1,2,..., A and define Ny (7', V) similarly, then we can bound N; (7, V;) and N7 (T, V})
using Lemma since Chebyshev’s inequality implies that

M@ <) [ s or

T

and

2T
TV £ 07 ISt ar

T

for every non-negative integer /.
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Let us first estimate N;(7T,V}). Letting ¢ be any natural number such that z¢ < T,

Lemma and (4.3.3) imply that

l
/2T 1S, (£)[2dt < T0! <§ : [F1Ar, (p) +--- + kTAm(p)P)
T

plog”p

p<z
< TO((k2 + -+ k) loglog z + O(1))"

< TO((k2 + -+ k) loglog T)"

(k2 + -+ k) loglog T\ "
<<T\/E((1+ +T>ogog)

€
E Z
< TV (?W> .

Thus we have

N(T,V}) < TV <%>E (4.3.5)

We consider separately the two cases where V' < v];/_j and V > Vg—f. In the first case,

we choose ¢ = LVWEJ in (4.3.5)). This choice of ¢ is permissible since ¢ = LVWEJ < VlogloeT fop

each range of V', which we now justify.

Case 1: \/WSVS%

In this range, A = g log W, and we have
2 2
KSV—ISV—SVS VloglogT
w = W A

when T is sufficiently large. Thus ¢ = LVWIQJ is permissible in the range VW <V < 1.

Case 2: % <V < ﬁWlogW

In this range, A = ﬁWlogW For large T', we have

logW < 2BloglogT.
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Thus, it follows that
V2 < V2 2BloglogT ~ VloglogT

W =W  logW A

Thus ¢ = LVWEJ is permissible in the range 55 <V < 7z W log W.

2B2

Case 3: WlogW<V<

2B2

In this range, A = B. Recalling the definition of B given in , we see that

— < ————— =loglogT.
B3 T k344 k2 0808

T

It follows that

V2 VW _ Vloglog T
— < <
W — BY — B

Therefore ¢ = LVWEJ is permissible in the range == W logW < V < W Thus we may take

! = Lv—lj in and find

232

N(T,V}) < TL exp ( W V< —. (4.3.6)

V2 W2

When V' > we choose ¢ = |10V | in (4.3.5)). This choice of ¢ is permissible, since

B47

for sufficiently large T’

0V < VlogBlogT’
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and B = A in this range. Thus, taking ¢ = [10V| in (4.3.5)), we have

1ovmw\ "
1
1 eV?
T —1 —10V1 !
< Texp (2 ogV — 10V log <10VW)>

10W

1 V(1 — 1B-1)y2
<L Texp <§logV—1OVlog (6 ( )

1
<L Texp (5 logV — 10V log V + 10V log W) .
Since V > X2 we have 2logW < logV +4log B . Thus

BT

10logW < 5logV + 20log B.

Hence
1
N(T, V1) < T exp (5 logV — 10V log V' + 10V log W)
< Texp(VlogV — 10V 1logV + 5V iogV)
that is,
W2
N(T, V1) < Texp(—4V1ogV), V> i

Combining (4.3.6)) and (4.3.7), we conclude that
Vv %
N(T) V) < T——=exp | ——= | + Texp(—4V logV)

S W

for all V.

58

(4.3.7)

(4.3.8)



Next, we find an upper bound for N; (T, V;*). For any natural number ¢ with 2* < T,

Lemma and (4.3.3) imply that

L
[ isipa <o ( LR krwp)\?)

T plog®p

2<p<a
<L T ((k] + -+ k2)(loglog x — loglog z) + 0(1))4
< T(U(F + -+ k) logloglog T + O(1))"

<L T(20(ki+ -+ + k) logloglog T)Z
when 7' is large. Choosing ¢ = | %], which is certainly less than or equal to %, we find that

N{(T, V) < TV2(8AA)*(2¢1ogloglog T
A V/A
< TV—2V/A42V/A (7 log log log T)
< TV*QV/AvV/AAZV/AAfV/A(log log log T)V/A

= TV VA AV (logloglog T) /4.

Since VW <V, we have W = (k? + - -- + k?)loglog T < V2. Thus

logloglog T <logV? —log(ki + -+ + k?) < logV

and

2
< BlogW < BlogV

1 i
< 5 < 5 < logV.

A
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Thus AlogloglogT < log® V. Furthermore, if T is sufficiently large, then log?V < V/2.

Thus
N (T, V) < TV (Alogloglog T)V/4

< TV V4 (log? V)V/4

< TV*V/A(Vl/Z)V/A

_ TV*V/ZA
that is,

VilegV
N (T, Vi) < Texp (- ;j ) . (4.3.9)

Finally, we find an upper bound for N;(T,V;) for each 2 < j < A. For Vi< T,

Lemma and Hypothesis H imply that

/2T S,0)Pat <o [ Y k1 Am, (P7) + - - - + ks, ()
T ! j2pjlog2p

pI <z

K T((C; (kR + -+ k)",
for each fixed j, where C} is a constant (depending on j). Let
Chax = max Cj

2<G<A

be an absolute constant. Then for every 2 < j < A, we have
2T ,
[ S0P € (0 Con 8 -+ 1)
T

Comparing this upper bound to the upper bound for fﬁT |S5(t)]?“dt, we conclude that

(4.3.10)

ViegV
Nj(T,Vj)<<TeXp(— 205 ),
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for each 2 < 7 < A. By combining (4.3.8]), (4.3.9), and (4.3.10)), we have that

2
meas(S(T,V)) <« T\/LW exp (—VWl) + T exp(—4V1log V') + T exp (—Vl;jv> . (4.3.11)

We simplify the right-hand side of (4.3.11]) by considering each of the three ranges of
V specified in the definition of A.

Range 1: VIV <V < &
Since V < W?/B*, we have

vV V2 ViogV
meas(S(T,V)) < T exp (_W) + T exp <— o4 ) .

By the definition of V;, we have

\/\/Wexp <_VW12> _ \/V_exp <_V‘V/2 (1 B L(BBIT;;&)j
(

2 (1_ 7(B—1) N 49(B —1)? ))
2BlogW  16B2log’> W

Furthermore, in this range we have

V_12< ViegV'  VlegV
W = 24  BlogW’

It follows that

Thus we have
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for ngVg%.

Range 2: % <V < #WlogW

In this range, we have

—V2 _
meas(S(T,V)) < T\/VW exp ( VI‘;I ) + T exp <%) .

By the definition of V, we can estimate the first term as

TLGX _—V12 —TLGX il 1—7B(B_1)V 2
S P\ ) T TP w AW log W

o7 1% V2 . B2V \?
—€X — .
N U AW Tog W

Since
ViegV
2A

‘/12
— <
w =

in this range, we have that
P 24 VW Plw )

1% V2 7B2V \°
T T—— SN I
meas(S(T,V)) < \/Wexp< W( 4W10gW) )

Thus

Range 3: V > ﬁWlogW

In this range, we have

v
VAl

2 V1
exp ( Vi ) + Texp (—4V1og V) + T exp <%) . (4.3.12)

T T
meas(S(T,V)) < W
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Using the definition of Vi, we have

L .
N \/_
T

>

1
AT + log V)
—VWlogW
28Bow o8 V)
—VlogV
12982 ’

[ (-25)
G

<<exp(
<<exp(

<<exp(

where we have used the bound V' > 2BQI/VlogVV in the penultimate step. To estimate
the second term on the right-hand side of (4.3.12]), note that since B > 1, it is true that

12932 < 4. Thus

Texp(—4VlogV) <« T exp ( 19052

—V'log V)

To estimate the third term on the right-hand side of (4.3.12)), note that since B > 1, it is

true that < L . Thus

12932 =24 —
1 Vi
T exp (—V OgV> < Texp (M> .

2A 12982
Hence,
-Vl
meas(S(7T,V)) < exp <%)
for all V' > 5 32 =5 W log W. The proposition now follows. O

4.4  Proof of Theorem [1.5.4!

We now use Proposition and (4.3.2)) to prove Theorem [1.5.4]
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The Proof of Theorem[1.5.4} We will first show that Proposition [4.3.1] implies that

T(logT)* exp (—V—2> . if3< Vv < B
meas(A(T, V) < v ¥ (4.4.1)

T(logT) exp (—3), if V> 25L

This weaker version of the proposition is enough to establish the theorem. We first consider

the case where 3 <V < 255;” i

Range 1: vIV <V < %

By Proposition 4.3.1}, we have

Vv -V 1
meas(A(T,V)) < T\/_W exp ( w U log W))

VW —V? 42
T
< B? exp( 44 )e p(WlogW)

V2 4W
< T\/ exp ( exp (W)

—V? Ak + -+ k2)
i )exp (loglogT< Bilog W ))

\

= -

< T(logT)® exp

~ N .~
SIRS

< T(logT)® exp

. W 256W  WlogW
Range 2: £ <V < =575 < 5%

By Proposition [4.3.1} we have

1% —V? 7BV \°
T T [
meas(A(T,V)) < Wexp( 7 ( 4W10gW> )
12 BQ 4 B4 2
<<T*/Wexp v 1BV 9 v2
B2 2W10gW 16W?2log”™ W
> (732(256)31/[/ 49W )
2log W 16B4W31og* W

V2>ex< (732(256)3_ 49 ))
2logW  16B*log* W

)
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< T(logT)*

<%

< T(logT)* exp <
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W log W 256W
e <V <

Since logW — oo and T' — o0, it is not possible to have the case

Thus we have proven in the range 3 <V < 256W.
We now consider the second case where V' > 256W First, note that the case vW <

25;;4/ <V < BQ is not possible.

< 256W < V < WlogW

Range 2: 557

By Proposition 4.3.1}, we have

14 —V?2 BV’
T T—=exp | o \ 1~ et
meas(A(T,V)) <« \/Wexp( W ( 4WlogW) )

W log W (—256WV (1  TB°Wlog W)2>

T

< spviv P\ T 8B log W
/956

< T(logT)® exp (6432 V)

< T'(logT) exp (—§> .

WlogW - 256W
3 S < <V

Range
By Proposition 4.3.1}, we have

meas(A(T,V)) < T exp <12982

V log V)

< T'(logT)® exp <——> .
We now use these cruder bounds on meas(A(7,V)) to prove Theorem [1.5.4, Write

/ exp(2V) meas(A(T,V))dV = I, + I, + I,

3 256W/ B2
L = / exp(2V) meas(A(T,V))dV, I, = / exp(2V) meas(A(T,V))dV,
3
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and

I; = / exp(2V) meas(A(T,V))dV.
2561/ B2

By definition, meas(A(7,V)) < T and thus I; < T. Applying the bounds for meas(A(7,V))
given in (4.4.1)) to I, and I3, it follows that

256W/ B2 V2
I, < T(log T)E/ exp (QV - W) av
3

< T(log T)?e" 256 W

< T(log T)k%+"'k3+€,
and similarly that I3 < T'(log T)¢. Consequently, these estimates imply that
2T , ,
/ |L(3 +it,m)|* - |L(3 +it, )| rdt = 2(1) + L + I3) < T(log )t thrte,
T

Theorem now follows by summing over the dyadic intervals [, 7], [%, £], [, %],.... O
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5 THE PROOF OF THEOREM [1.5.6

In this section, we modify the proof of Theorem to deduce Theorem [.5.6]
Throughout this section, let K be a finite extension of Q, and let (x(s) be the associated

Dedekind zeta-function. As before, our starting point is the observation that

/QT Cre (3+it)|* dt =2 /OO exp(2V) meas(K(T,V)) dV (5.0.1)

T —00

where

K(T,V)={te[T,2T]: klog|Cx(3+it)| > V}.
In order to bound the measure of (7, V'), we need analogues of Lemma and (4.3.3)

for Cx(s).

5.1 Lemmas

For R(s) > 1, define

Ck d

> AK’)’L
CK(S) = Elog(K(s) = —; (5 )-

n

Since ((s) satisfies the Ramanujan-Petersson conjecture, we have

IAx(n)| < [K : QA(n). (5.1.1)

Then the following analogue of Lemma holds.
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Lemma 5.1.1. Let Ay = 0.4912. .. denote the unique positive real number satisfying e 0 =

o + A3/2. Then, assuming the generalized Riemann hypothesis for Cx(s), for all A\g < X <

logz/2 and logx > 2, we have
14+ M) [K:Q]logT 1
( ) [K: Q] log O( >

Ag(n) logz/n
+ 2 log x log

1 Lo <R
og |Ck(5+it)| < Znémgaﬁitlogn log

n<x

forT <t < 2T and T sufficiently large, where the implied constant in the error term depends

only on K.

Proof. This is a consequence of Theorem 2.1 of Chandee [12].

The analogue of (4.3.3)) follows from the Chebotarev density theorem.

Lemma 5.1.2. Let K be a finite Galois extension of Q, and let p denote a rational prime.

Then
ZW((MQ ~[K : Q] Zl
p<w p<zx
as x — oo, and in particular
2
Z ric(p) ~ [K : Q]loglog . (5.1.2)
p<z p

Proof. Let (p) denote the principal ideal in Ok generated by p. Then
(p) =P1' B,

where the B, are the distinct prime ideals in O lying above p with norm p’i. It follows that

T

Zeifi =[K:Ql.

=1

e, = 1. Since K is Galois, all the B; lying above

If p is unramified in K, then ey
fr = f, say. Therefore, for unramified primes p, we see

p are conjugate. Thus f;
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that rx(p) # 0 if and only if f = 1. In this case, p completely splits, r = [K : Q], and hence

ri(p) = [K : Q]. That is, for unramified primes p, we have

[K :Q], if and only if p splits completely,
rr(p) =
0, otherwise.

Since there are only a finite number of ramified primes, it follows that

Sl = SrP+0() = 3 [K:QP+0().

p<z p<z p<w
p unramified p splits completely

On the other hand, the Chebotarev density theorem implies that

1
21 mg

p<x p<x
p splits completely

as x — 0o. Thus,

S ~ K QYL

p<z p<z

proving the first assertion of the lemma. By the prime number theorem, we have

)t~ 2

log

Pz
as x — 00. The claim in (5.1.2) now follows by partial summation. m

We note here that in order to prove Theorem [1.5.6} it is not necessary to derive an

asymptotic formula for the sum in (5.1.2)). An upper bound of the form

2

Z 7k (p)

p<z p

< [K :Q]loglogx + O(1)
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for the sum in (5.1.2)) would be sufficient and is more easily derived. For instance, since

0 <rg(p) <[K :Ql, we see that

> TK;p)Q <K:Q) er@) < [K : QJloglogz + O(1)

p<w p<z

by Landau’s Prime Ideal Theorem.

5.2 The Frequency of Large Values of |(x (5 + it)]

Define the set
K(T,V)={t €[I,2T]: klog |(x (3 +it)| > V},
and choose
W = k*[K : Q]loglog T, B=Fk[K :Q]+1, and A =2,

since the Ramanujan-Petersson conjecture holds for (x(s). Note that B > 1 for all k£ > 0.

We prove estimates for the size of (T, V') using the previous lemmas.

Proposition 5.2.1. Let K be a Galois extension of Q. Assume the generalized Riemann

hypothesis for (i (s). Then, for sufficiently large T, if VW <V < W2 we have

B

el <oV (1 1)),

|=

if 5z <V < Wlog W, we have

1% V2 7BV O\’
T T —exp| - (1- 2 ) ),
meas(S(T,V)) <« \/Wexp ( W ( 4W10gW> ) ;

1
28?2

Sy}
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and if ﬁWlogW <V , we have

—1

meas(S(T,V)) < T exp <12932

Vlog V)

for any k > 0 when T is sufficiently large. The implied constants in each range depend on k

and [K : Q).

Proof. The proof is analogous to the proof of Proposition |4.3.1] Let K be a Galois extension

of Q, and let (x(s) denote the associated Dedekind zeta-function. Let A = Ay < 1/2 and
£ < (2—4X)/3. Choosing z = (logT)?7¢, it follows from Lemma and (5.1.1)) that

log [Cxe (3 +it)] < [K : Q](log T)'° +

< 3[K:Q] logT
- 8 loglogT

(1+/\o)[K:Q]logT+O 1
2(2 —¢)loglogT (2 —¢)loglogT

for sufficiently large T'. Therefore, we see that

3k|IK : Q] logT

klog|Ck (5 +it)] <

8 loglog T
when 7' is large. We can thus assume that
3(B—1) logT
VIV <V L 2.1
WsVs 8 loglog T’ (52.1)

while proving the proposition. As in the proof of Proposition [£.3.1] define a parameter, A,

as
rB .
ElogVV, 1f\/W§V§%,
L Wiog W, i <V < LW log W
A= 5BV ogW, 1 g <V < 55V logh,
B, ifV>ﬁWlogVV,
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and let z = T4V and z = z/1°81°8T (Choosing A = 1/2 in Lemma [5.1.1] we have
g

3B-1)V

Flog|Gie(} + )] < [S1(0)] + IS5 (0)] + [Sy(0)] + === +0(1),
where
kA 1
Sy(t) = LA K(P) og(z/p)
o= ph T ogp logw
kA |
S¥(t) = M K(P) og(z/p)
e p?teertilogp logw
and

EAk(p log(z/p’
() = Z 1+2)‘+2§t) ; 1( / )
yieg D PET logpl 108
Since the Ramanujan-Petersson Conjecture is true in this case, the contribution from the

prime powers p’ for which j > 3 is O(1). Indeed, gives

k’AK. 1037 ]i]AK
S k() lox(o/p) Z' .

p]( +logm+1t logpj lng p]/2logp

pI<x
7>3

Let

(B —1)

(B-1)V
SA '

V1::V<1— 164

>, and V"=V, :=

Note that if ¢t € IC(T, V), then at least one of the following inequalities holds:
STl =V or [S5(8)] = V]
for either j =1 or j = 2. If we define

N;(T,V;) :=meas{t € [T,27T] : |S;(t)| > V;}
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for j = 1,2 and N7 (T, Vy") similarly, we can bound N;(7,V;) and Ny (T, Vy") using Lemma

422 since
2T
N{(T,V)) < (V;) % / 1S,(6)[dt
and
2T
NHT,VP) < (V)™ / 52 (8)Pdt

for any non-negative integer £.
Let us first estimate Ni(7,V;). Letting ¢ be any natural number such that ¢ <
%, Lemma and (5.1.2) together with the same reasoning in the proof of Propo-

sition [4.3.1] imply that

2T ¢
/ 1Sy (1) |*dt < TV? (%V) ,

T

Thus we have

N(T,V}) < TV <f—3/g>g (5.2.2)

We consider separately the two cases where V' < Vg—j and V > Vg—f. In the first case,

we choose ¢ = LVWEJ in (5.2.2) and find that

\%4 V2
Ni(T,V}) <« T—= ex ——1>.
1( 1) \/W p( W

In the case where V > ™2 we choose ¢ = |10V ] in (5.2.2) and find that

B
N (T, V1) < Texp(—4V 1og V).

Hence

1% V2
N(T, V, T—— —-L T —4V logV 5.2.3
TV < T exp (1 )+ Texp(-aV logV) (5:23)

for all V.
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Next, we find an upper bound for N7 (7, V). Lemma and (5.1.2) imply that for

sufficiently large T" we have

o1
/ 1S7(t)*dt < T {20k*[K : Q) logloglogT}K,
T

for any natural number ¢ < % since z = T/V. Choosing ¢ = [ %], we have that

ViogV
Nl*(T,Vl*)<<Texp<— o8 )

0 (5.2.4)

Finally, we find an upper bound on Ny(T', V3). First, note that

Since ((s) satisfies the Ramanujan-Petersson Conjecture, by Lemma we have that

Y EAg(p?)]P\¢
/ |Sa(t)[dt < Ta( 3 %)
! p<VT 4p*log” p

< T{K :Q*}".

Comparing this upper bound to the upper bound for YZ,T S (t)|?dt, we conclude that

No(T, Va) < Texp ( - % log v). (5.2.5)

The proposition now follows upon combining (5.2.3)), (5.2.4)), and (5.2.5)) and simplifying. [

5.3 The Proof of Theorem [1.5.6

We now use Proposition and (5.0.1)) to prove Theorem [1.5.6]
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Proof. Proposition [5.2.1] implies that

T(logT)* exp (—VW2) , f3<V <L 2‘?3%4/,

meas(KC(T,V)) <«

T(logT) exp (— 5z), if V> =5L.

Inserting these bounds into ([5.0.1) and estimating the range V' < 3 trivially, we deduce
Theorem [1.5.6] O
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6 THE PROOFS OF THEOREM [1.5.7 AND THEOREM [1.5.8

In this chapter we prove Theorem and Theorem [1.5.8, Both results were proved
in collaboration with Micah B. Milinovich and appear in [63]. We first collect some well-

known results from complex analysis that will be used in both proofs.

6.1 Preliminary Results

We will make use of the following two results, which can be found in Chapter 5 of

the book by Montgomery and Vaughan [69].

Perron’s Formula. Let a,, be an arithmetic function, and let a(s) = > o7 ~% be the

n= 1

corresponding Dirichlet series absolutely convergent for R(s) > o.. If 09 > max(0,0.) and
x >0, then

1 oo+iT

>t = lim o — a(s) —ds.
n<e T—oo 2T co—iT S

Here Zb indicates that if x is an integer, then the last term is to be counted with weight 1/2.

Plancherel’s Theorem. Let w(x) be a weight function. Suppose that [~ |w(x)|z~7 " dx <

00, and also that [;° |w(x)[*x~2 " dx < co. Put K(s) = [;° w(x)z™* " dx. Then

/ ()22 1dx——/ K(o + it)2dt.
0
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6.2 The Proof of Theorem [1.5.7

We follow the proof of Theorem 1 of Selberg [80], who studied the distribution of
primes in short intervals using upper bounds for moments of the logarithmic derivative of

((s) near the critical line. (See also Section 4 of Goldston, Gonek, and Montgomery [33].)

Proof. For K a finite Galois extension of Q, let

2n(2m)2hR

e (@) =Y ri(n), and So(x):%li_r%<5(x+6)+5(x—s))

n<x

CK

so that S(z) = Sy(z) for almost all x. Perron’s Formula implies that

241400 s
Solz) = —— /2 ()= ds. (6.2.1)

270 Jo_ino

The Generalized Lindel6f Hypothesis for (x(s) in t-aspect is the statement that
(r(2+it) < 17,

where the implied constant depends on K. Assuming the Generalized Riemann Hypothesis
for (x(s), we move the contour in left from R(s) = 2 to R(s) = 1/2 passing over a
pole of the integrand at s = 1 and no other singularities. Here we are implicitly using the
Generalized Lindelof Hypothesis for (x(s) in t-aspect, which follows from the Generalized
Riemann Hypothesis, to justify the contour shift. Thus by the residue calculation in

and a variable change, we have

1 1/24i00

s 00 1t
So(r) — cxr = — CK(S)% ds = %/ Cr(3+it) (x ) dt.

270 J1 /9 ioo T4t
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Applying this formula twice with the values x = ¢™t* and = = €7 and then differencing, it

follows that

S0(€N+T)—So(€T)—CK(6’{_ _ _/ CK —I—Zt ( < -Ht) _ 1)@”’5 dt. (6.2.2)

e/? T+t

Note that the left-hand side of (6.2.2)) is a Fourier transform (appropriately normalized) of

n(%-ﬁ-it) 1
ot <T>

so (6.2.2) gives a Fourier transform relation for all 7 € R. By Plancherel’s Theorem, since

So(x) = S(z) almost everywhere, we have

1, 2
0o dr 1 oo 5 6K<§+’Lt)_1
K47\ TN k_1 2_:_ 1 XA — | dt.
[ s n=s@-ater -0 T = o [ el | =

Observing that the integrand on the left-hand side is even and letting z = €7, X >

T > 2, and " =14 1/T, we derive that

[ see)-seraif & [ lolers)-s-ag &

1 2
1 %s) . n<§+it)_1
=2 | et | |

5+t
1, 2
1 T o leari) g
= - / |CK(%+“5)‘ 1, dt
T = Je-nr 5 taut
00 1 (-1
< (sz)2/ G (5+it)|” dt
=0

It follows from this and Theorem [L.5.6] that

1 2X T T2 1 . (10g T)[K:Q]—i—a
— ) e _ [K:Ql+e YrorJ
e /X ‘S(:H—T) S(x) CK dr < ; 2(gT(log T) < T
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for any € > 0. Theorem now follows by choosing y = z/T. O

6.3 The Proof of Theorem [1.5.8

We now indicate how to modify the proof of Theorem to obtain Theorem [I.5.8]

The proof given here is an expanded version of the argument given in [63].

Proof. For k > 0 an integer and ky,...,k, € N, let
L(s) = ¢(s)* [ ] L(s, 7)) (6.3.1)
j=1

be an automorphic L-function and let each L(s, 7;) satisfy the conditions of Theorem m

For R(s) > 1, we set

i ) g
n:1 ns ) )
L(s) ="
3 () pen.
\ n=1 ne

and for x > 0, we define
Rp(z) = R_els (L(s)%) :

If £ =0, we see that L(s) is entire and denote

Ap(z) = ay(n).

n<x

If k € N, we see that L(s) has a pole at s = 1 and denote

Br(x) =Y by(n).

n<x
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Furthermore, let

1. .

§l1_r>]% (A(z+e) — Ap(z —¢)), ifk=0,
C(z) =

1. .

5?3(1} (BL(z+¢) — Br(z —¢)), ifkeN,

so that C(x) = Ar(z) (or Br(x)) for almost all . Perron’s Formula and (6.3.1)) imply that

Cla) = —— /2 T e s

2T Jo_ino s

Moving the line of integration left from R(s) = 2 to R(s) = 1/2, we have

Clx) — Ry(z) = % /_oo L(s) (f:u> dt.

Notice that if & = 0, then Ry (s) = 0 because there is no pole. Applying this formula twice

with the values x = ™1

C(em-H)_C(QT)—RL(@H_T)—FRL(@T) 1 /OO L<%+it) (&) e dt (632)

eT/? T o %—l—z’t

" and x = €” and then differencing, it follows that

—0o0

for all 7 € R and all kK > 0. As in the proof of Theorem [1.5.6, we next apply Plancherel’s
Theorem to[6.3.2| If £ = 0, then since C'(z) = AL(x) almost everywhere, we find that

. 2
eT = % - 5‘1‘@25)}

o8] K+TY V1|2 o8]
/ Aslen) = Ay L

o0

If £ € N, then since C(x) = Br(x) almost everywhere, we have

eﬁ(%"rit) - 1 2

— dt.
§+Zt

< 1B K+T - B T\ _ K+T |2 1 o8}
/ [BL(e™™) L(e)eTRL(e )+ Ri(e7)] ar= o L)
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In both cases, the integrand on the left-hand side is even. Therefore, letting x = e7, X >

T >2,and ¢ =1+ 1/T, by Theorem we deduce that

(log T)k%+---+k$+s

Z ar(n)

1 2X
r<n<lz+y
and
1 2X log T)ki++ki+e
F/ Z br(n) — (RL(x—i-y) — RL(JC)> dr < (log )T
X r<n<z+y

for any € > 0. Theorem now follows by choosing y = = /7.
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7 THE PROOF OF THEOREM [1.6.1

In this chapter, we prove Theorem [1.6.1, which is joint work with Micah B. Mili-
novich and also appears in [63]. In this case, we need to understand the behavior of the
Dirichlet series coefficients of automorphic L-functions averaged over the squares of primes.
Let L(s,m) be an L-function attached to a self-contragredient irreducible cuspidal auto-
morphic representation 7 of GL(m) over Q (i.e. m = 7). The Rankin-Selberg L-function
L(s,m®@7) = L(s,m ® m) factors as the product of the symmetric and exterior square L-
functions

L(s,m®7) = L(s,m,V?) - L(s,m, A?)

and has a simple pole at s = 1, see Bump and Ginzberg [I1]. This pole must be carried by
one of the factors on the right-hand side. Following [78], we denote the order of the pole of

L(s,m,A?) as (1+6(m))/2. Then it is known that

D> A(p?) ~ —d(m)x (7.0.1)

p<w

as © — o0o. In contrast to the proof of Theorem [[.5.4] we must assume the Ramanujan-
Petersson Conjecture in the proof of Theorem to handle the contribution from the

prime squares. We restate the Ramanujan-Petersson Conjecture here for convenience.

Ramanujan-Petersson Conjecture. The local parameters o;(p) in (|1.3.2) satisty |o;(p)| =

1 for all but a finite number of primes p.
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As in the proof of Theorem the starting point is the observation that

b
Z L(%vﬂ-l ® Xd)kl T L(%a T & Xd)kT
ldl<X (7.0.2)

:/ exp (V—kl‘s(ﬂl)+"’+kr‘s(WT) 1oglogX> N(X,V)dV,

2

—00

where N (X, V) denotes the number of fundamental discriminants d with |d| < X such that

k’lé(m)—k- . '_’_krd(ﬂ-r)
2

ki log }L(%,m ®Xd)|+' <tk log ‘L(%,m ®Xd)| > V—( ) loglog X.

(7.0.3)

We can bound N (X, V') with the following analogues of Lemmas [4.2.2] and [4.2.3] (Note that

the definition of V'(X, V') takes into account the contribution from the squares of primes in

Lemma [7.1.2] below.)

7.1 Lemmas

Lemma 7.1.1. Let X andy be real numbers and { be a natural number with y* < X/?/log X .

For any complex numbers b(p) we have

Zb Z b(p)xa(p)
1/2
<X

@0 ()P
<X (Z—p >

Py

2<py
where the implied constant is absolute.
Proof. This is Lemma 6.3 of Soundararajan and Young [86]. O

Lemma 7.1.2. Let L(s,m) be an L-function attached to an irreducible cuspidal automorphic
representation m on GL(m) over Q, and let d be a fundamental discriminant. Let Ao =
0.4912. .. denote the unique positive real number satisfying e~ = \g+A2/2. Then, assuming

the Generalized Riemann Hypothesis for L(s,m® xq), for all \g < X < logx/2 and logx > 2,
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we have

log |L(, 7 ® xa)| < %{Z Ar(n)xqa(n) log:p/n} N (1 4+ X)mlog|d| +O( 1 >’

~ nitees logn logz 2 log = log x
where the implied constant depends only on .
Proof. This follows from Theorem 2.1 of Chandee [12]. O

Lemma 7.1.3. Let L(s,m) be an L-function attached to an irreducible cuspidal automorphic
representation m on GL(m) over Q, and let d be a fundamental discriminant. Then, assuming
the Ramanujan-Petersson Conjecture, we have that

= loglog z + O(logloglog |d]).

3 A (p*)xa(p?) d(m)

1 2\
p2<x p +log:c 10gp2

Proof. Note that

3 A-(p*)xa(p®) Ax(p?)

1422 1422
pQSCE p log = logp2 pQS:t p log x logp

A, (p? A, (p?
:ZA_ _ A7)

1+ 2\ 9 14+ 2 9
p2§x p log = logp p2§:17 p log x 10gp

pld
By ([7.0.1)) and partial summation, the first sum is
A, (p? J
Z ; D(p) ~ — () log log .
p2<zx p Thoes 10gp2 2

If A.(p?) > 0 for all p|d, then we conclude

A (p? 2 4]
1—i_lo x ]_ 2 2
p2§,7; p 8 ng
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More care is required if A,(p?) < 0 for some p|d. Let w(n) denote the number of distinct

prime divisors of n. Then, by Merten’s Theorem, we have

RS

pld p<togld ¥ 1oglaj<p P
pld
1 1
< — + ——w(d)
z:p log |d|

p<log|d|

1 logld|
= O(loglog log |d
O(logloglog|d|) + O <1Og|d| loglog|d|)

= O(logloglog |d|).

Thus, assuming the Ramanujan-Petersson Conjecture, it follows that

A (p?) m 1
_ZH”—2<<5 E —<<10gloglog]d|,
ﬁ%p Pe= log p o P
p

In either case, we conclude that

szdz o(m
3 (p*)xa(p?) ()

= - — loglog z + O(loglog log |d|).
pr<e P e* log p? ’

7.2 The Frequency of Large Values of [],_,, IL(1,m ® xa)]

In this section, we state and prove a value distribution result for a linear combination

of distinct primitive L-functions twisted by quadratic Dirichlet characters which will be used

to prove Theorem [1.6.1]

Let x4 be a primitive quadratic character of conductor |d|, and let L(s,m),. .., L(s, 7,)

be r distinct primitive L-functions (as in Theorem [1.6.1)) of degrees my, ..., m,., respectively,
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and let

B:k1m1+---+krmr+1.

Let N (X, T) be the set defined in ([7.0.3)), and let

W = (ki +---+k’)loglog X.

Proposition 7.2.1. Let d denote a fundamental discriminant, and let x4 be a primitive
quadratic Dirichlet character of conductor |d|. Let L(s,m),...,L(s,m,.) be L-functions at-
tached to distinct self-contragredient irreducible cuspidal automorphic representations, m;,
of GL(m;) over Q each with unitary central character, and assume that the twisted L-
functions L(s,m ® Xa),--.,L(s,m @ xaq) satisfy the Generalized Riemann Hypothesis and

the Ramanujan-Petersson Conjecture. If vW <V < %, we have

meas(N (X, V)) < X exp < — QVMZ/ (1 — 10g4W>);

if% <V ﬁWlog W, we have

V2 (1 7B*V )2>;

meas(N(X,V)) < X exp ( Tow " AW logW

and if ﬁWngW <V, we have

meas(N(X,V)) < X exp ( — Vlog V).

256 B?

for any ki, ... k. >0 when X is sufficiently large.

Proof. The proof is similar to the proof of Proposition Let A = A < 1/2 and € <

(1 —2Xg)/3. Choosing z = (log X)'~¢, it follows from Lemma [7.1.2| and (4.1.1])

3m log X
10g|L(%a7T®Xd)| < TW
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for sufficiently large X. Therefore, we see that

3(kymy + - -~ + kym,) log X
k1 log | L(% oo+ klog |L(3, m, <
1log |L(5,m1 @ xa)| + -+ + ke log [L(5, T @ xa)| < 4 loglog X

when X is large. Hence, we may assume that

3(B—1) logX
vV < <
WsVs 4 log log X

while proving the proposition. As in the proof of Proposition 4.3.1], define a parameter A as

(

B .
glogW, 1f\/W§V§%,
1
A= o5V los W if 2 <V < LWlogW,
\B, ifV>#WlogVV,

and let x = X4/V and z = x'/1981°6 X Choosing A = 1/2 in (7.1.2)), we deduce that

k1 log |L(%a7ﬁ ®Xd)’ + -+ ky log |L(%77Tr ® Xd)‘
3B-1) V

< *
< 1S:()] + 11 (@) + RS} + =+ O(1),
where
kilr, (p) + -+ + ke Ar, (p)) Xa(p) log(z/p
Sl(d)zz(l () — (P)) Xa(p) 10(;)
p<lz p2 log logp g
. k1A (p) + -+ EAr (p) xa(p) log(x/p
ity = 3" a0+ e ) a0 o)
z<p<lzx p2 log = 1ng g
and

> (k1 A, (9?) + -+ + kA, (p)) xa(p?) log(2/p?)

So(d) =
2(d) pH% log p2 log x

p?<z
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The contribution from the prime powers p’ for which j > 2 is O(1). Indeed, the

Ramanujan-Petersson Conjecture implies that

Lovies (pj) +eeet krAﬂr(pj)’ < (kimy + -+ + kymy)(log p).

Hence

3 |k1Ar, (P7) + -+ + krAm, (P7) | Ixa ()| log (/) <3 |k1Am, (P7) + -+ + kA, (P7)]

pi<a Pt log pi log z . jp'l*logp
§>2 j>2
1
<m-yy L
P <z
52
< 1,

since |xa(p’)] < 1 for all j. Noting that |d] < X, Lemma together with partial

summation provides that

Thus, we have

ky lOg‘L<%’7rl ® Xa)| + -+ + Ky log ’L(%,Wr ® Xa)|

k10 oo+ ko (m,
< |51(d)|+|5;(d)|—( olm) = ol ))loglogX
3B-1)V
+TZ+O(logloglogX).
Define
B—-1 B-1
V1::V(1——7(8A )> and Vl*::—( 8A)V’
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and note that if d € N(X, V), then at least one of the following inequalities holds:
[Si(d)| = Vi or [ST(d)] = Vi

If we define
N1 (X, Vi) :==meas{|d| < X :|S;(d)| > Vi}

and N7 (X, V) similarly, we can bound N (X, V}) and Ny (X, V}) using Lemma since

Chebyshev’s inequality implies that

Nl(X,‘/; ‘/'1 2€Z|S |2[
|dI<X
and

N*(X ‘/l)g ‘/'1 2Z2|S* |2€

ld|<X
for any non-negative integer /.
Let us first estimate N;(X,V}). Letting ¢ be any natural number such that ¢ <

log(X1/21og X og lo oglo .
E( T eX) — V1 g;gx(l - Qllogg%), Lemma |7.1.1] and (4.3.3)) imply that

J4
22 k] 7T1 +k7~A - p

|d|I<X p<z plOg p

e

20w\
<<x< )

Thus we have

20W \ "
Nl(X,V1)<<X< ) |

eV
We consider separately the two cases where V < vg_j and V > Vg—f. In the first case, we

choose ( = [%J and find that

2

N (X, ) <« Xexp(— 2V_V1V>
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In the case where V' > Vg—j, we choose ¢ = |10V'| and find that

Ni(X,V)) < X exp(—5V log V).

Hence
2

Vv,
Ni(X, Vi) < X exp ( - ﬁ) + X exp(—5V log V) (7.2.1)

for all V.
Next, we find an upper bound for Ny (X, V). For any natural number ¢ < 5(1 —

loalog Xy ' T.emma [7.1.1{ and (4.3.3) imply that

log X

b
Z 1ST(d) [ < X (20(k} + - + k2) log log logX)Z

jd|<x
when X is large. Choosing ¢ = |75 — 1], we have that
* * 164 * 2 2 ¢

< XV 72 4% (20 1ogloglog X )"
< XV V/2A+L [V (Alogloglog X)V/QA_l}

< XV*V/4A.
Here we have used the fact that
V (Aloglog log X)V/QA_1 < VV/A,

Thus,

NY(X, V) < Xexp (—% log V) . (7.2.2)

The proposition now follows by combining ([7.2.1)) and ([7.2.2)).

90



7.3 The Proof of Theorem (1.6.1

We now use Proposition and (7.0.2)) to prove Theorem [1.6.1]

Proof. Proposition [7.2.1| implies that

X (log X)° exp (—%) i3SV <

N(X,V) <

X (log X)*exp (—45), if V> 22

Theorem now follows by inserting these bounds into ([7.0.2]).
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